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Abstract. 

The first part of my thesis lays the foundations to generalized Lorentz geometry. The 
basic algebraic structure of finite-dimensional modules over the ring of generalized num- 
bers is investigated. This includes a new characterization of invertibility in the ring of 
generalized numbers as well as a characterization of free elements inside the n-dimensional 
module R n . The index of symmetric bilinear forms is introduced; this new concept en- 
ables a (generalized) pointwise characterization of generalized pseudo Riemannian metrics 
on smooth manifolds as introduced by M. Kunzinger and R. Steinbauer. It is shown 
that free submodules have direct summands, however R n turns out not to be semisimple. 
Applications of these new concepts are a generalized notion of causality, the generalized 
inverse Cauchy Schwarz inequality for time-like or null vectors, constructions of pseudo 
Riemannian metrics as well as generalized energy tensors. The motivation for this part of 
my thesis evolved from the main topic, the wave equation on singular space-times. 

The second and main part of my thesis is devoted to establishing a local existence and 
uniqueness theorem for the wave equation on singular space-times. The singular Lorentz 
metric subject to our discussion is modeled within the special algebra on manifolds in 
the sense of J. F. Colombeau. Inspired by an approach to generalized hyperbolicity of 
conical-space times due to J. Vickers and J. Wilson, we succeed in establishing certain 
energy estimates, which by a further elaborated equivalence of energy integrals and Sobolev 
norms allow us to prove existence and uniqueness of local generalized solutions of the wave 
equation with respect to a wide class of generalized metrics. 

The third part of my thesis treats three different point value resp. uniqueness ques- 
tions in algebras of generalized functions. The first one, posed by Michael Kunzinger, 
reads as follows: Is the theorem by Albeverio et al., that elements of the so-called p-adic 
Colombeau Egorov algebra are determined uniquely on standard points, a p-adic scenario? 
We answer this problem by means of a counterexample which shows that the statement 
in fact does not hold. We further show that elements of an Egorov algebra of generalized 
functions on a locally compact ultrametric space allow a point-value characterization if 
and only if the metric induces the discrete topology. Secondly, we prove that the ring 
of generalized (real or complex) numbers endowed with the sharp norm does not admit 
nested sequences of closed balls to have an empty intersection. As an application we out- 
line a possible version of the Hahn-Banach Theorem as well as the ultrametric Banach 
fixed point theorem. Finally, we establish that scaling invariant generalized functions on 
the real line are constant and we prove several new characterizations of locally constant 
generalized functions. 
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CHAPTER 1 



Introduction 

Differential algebras of generalized functions in the sense of J. F. Colombeau 
provide a rigorous setting for treating numerous problems for which a general con- 
cept of multiplication of distributions is needed. Popular examples of such include 
partial differential equations with singular (in the sense of non-smooth, say distri- 
butional) data or coefficients: A sensible theory must admit singular solutions of 
the latter, therefore it is necessary to introduce a product of singular objects (in our 
example a singular coefficient times a singular solution); however, it is advisable 
to do this in a consistent way, meaning that on reasonable function subspaces of 
the distributions, the usual point-wise product coincides with such a product of 
singular objects, and is associative and commutative. 

Many counterexamples support that on T>' such a product with values in T>' 
cannot exist (cf. [18] . chapter 1). Let us consider the following: assume we were 
given an associative product o on V and let vp(l/x) denote the principal value of 
1/x, then we would have 

S = S o (x o vp(l/x)) = (S o x) o vp(l/x) = 0, 

which is impossible, since 5^0. Apart from certain "irregular (intrinsic or extrin- 
sic) operations" (cf. [36]), there are basically two ways out of this dilemma: 

(i) We could restrict ourselves to strict subspaces of V which have a natural 
algebraic structure, for instance Sobolcv spaces Tt s (M. n ) for s > n/2, 
L% c , C k etc., and 

(ii) we could try to embed T>' into a larger space Q which can be endowed 
with the structure of a differential algebra. 

Since we want to multiply distributions unrestrictedly, we shall settle for 
First we formulate the desired properties of a differential algebra (Q, o, +) con- 
taining the distributions. Let f2 C R s open. We wish to construct an associative, 
commutative algebra (Q, +, o) such that: 

(i) There exists a linear embedding I :T>' Q such that t(l) is the unit in 

Q. 

(ii) There exist derivation operators Z)j : Q — > Q (1 < i < s), which are linear 
and satisfy the Leibniz-rule. 

(hi) Di \t>'= g§- (1 < i < s), that is the derivation operators restricted to V 

are the usual partial derivations, 
(iv) o |c°°(o)xc°°(f2) is t ne point-wise product of functions. 

Item (fry]) corresponds to the above requirement that the new product should coin- 
cide with the usual point- wise product on a "reasonable" subspace oiV . Schwartz's 
famous impossibility result ( [44] ) states that such an algebra, does not exist, if the 
requirement ([Iv]) is replaced by the respective requirement for continuous functions. 
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Nevertheless J. F. Colombeau successfully constructed differential algebras (Q, +, o) 
satisfying fij)- (jrv|) ([9], I10j ). Meanwhile there are a number of such algebras of gen- 
eralized functions. For a general construction scheme, cf. [18] . In the following 
subsection we explain how the so-called special version on open sets of R n is con- 
structed. We then may introduce the special algebra on manifolds and we shall 
discuss its relevance for applications in general relativity. The chapter will end 
with an introduction to point-value concepts in algebras of generalized functions. 

Colombeau's special algebra. Let f2 be an open subset of M d . The so-called 
special Algebr$\ due to J. F. Colombeau is given by the quotient 

where the (ring of) moderate functions £m{^) resp. the ring of negligible elements 
(being an ideal in £m(CI)) are given by 

e M (Q.):= {(u £ ) E G C°°(ny o > 1] \VK CC QVa3N sup \d a u e {x)\ = 0(e- N )} 

xeK 

Af{n):= {(u s ) e G C°°(fl)^\^K CC fiVaVm sup \d a u e (x)\ = 0(e m )}. 

The algebraic operations (+,°) as well as (partial) differentiation, composition of 
functions etc. are meant to be performed component-wise on the level of represen- 
tatives; the transfer to the quotient is then well defined (cf. the comprehensive 
presentation in the first chapter of [18] ) . Once a Schwartz mollificr p on M. d with 
all moments vanishing has been chosen, the space of compactly supported distri- 
butions may be embedded into G{Q) via convolution; an embedding of all of V(il) 
into our algebra is achieved via a partition of unity using sheaf theoretic arguments, 
therefore being not canonical. 

1.1. Algebras of generalized functions on manifolds and applications in 

general relativity 

The aim of this section is to review the basics of the special algebra on manifolds 
X as well as the definitions of generalized sections of vector bundles with base 
space X and we recall the definition of generalized pseudo-Riemannian metrics. At 
the end of the section we motivate the use of differential algebras for applications 
in relativity, in particular for the wave equation on singular space-times which is 
treated in the present book. 

1.1.1. The special algebra on manifolds. Similarly as in section [T] one 
may define algebras of generalized functions on manifolds. We start first by in- 
troducing the special algebra on manifolds in a coordinate independent way as in 
[28j . However, for two reasons we shall later translate the definitions into respective 
definitions in terms of coordinate expressions: For for the sake of clarity and sim- 
plicity, but also for the following purpose: In chapter [3] we shall perform estimates 
in a coordinate patch in order to derive a (local) existence result for the Cauchy 
problem of the wave equation in a generalized setting. 



In the literature the special algebra is often denoted by Q a (with the aim to distinguish it 
from other Colomebau algebras), however, since we only work in the special algebra we shall omit 
the index s throughout. 
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The material presented here stems from the original sources |28L 130] . For a 
comprehensive presentation we refer to the-meanwhile standard reference on gen- 
eralized function algebras - [18) . Moreover, for further works in geometry based 
on Colombcau's ideas wc refer to f [20l [25l [27l [29l [30l [32l [33] ). 

For what follows in this section, X shall denote a paracompact, smooth Haus- 
dorff manifold of dimension n and by V(X) we denote the space of linear differential 
operators on X. The special algebra of generalized functions on X is constructed as 
the quotient Q{X) := £m(X)/N(X), where the ring of moderate (resp. negligible) 
functions is given by 

£ M {X) {{u e ) £ G (C^iXj) 1 VA'cclVPe V(X) 3 N G N : 

(1.1) sup|Pu e | =O(e- N )(e^0) 

xeK 

resp. 

Af(X) := {(u e ) e G (C°°(X)) / | V K CC X V P G V(X) V m G N : 

(1.2) snp\Pu e \=O(e m )(e^0). 

xeK 

The C°° sections of a vector bundle (E, X, n) with base space X we denote by 
(E, X, 7r). Moreover, let V(X, E) be the space of linear partial differential operators 
acting on T(X,E). The Q{X) module of generalized sections Tg(X, E) of a vector 
bundle (E, X, it) on X is defined similarly as (the algebra of generalized functions 
on X) above, in that we use asymptotic estimates with respect to the norm induced 
by some arbitrary Riemannian metric on the respective fibers, that is, we define 
the quotient 

T g (X,E) :=T £M (X,E)/T M (X,E), 
where the ring (resp. ideal) of moderate (resp. negligible) nets of sections is given 

by 

T £m (X,E) :={«) e G (T(X,E)Y \V K CC X V P € V{X, E) 3 N € n : 

(1.3) snp\\Pu £ \\=O{e N ){e^0) 
resp. 

T U {X,E) :={{u e ) £ G {T{X,E)Y \ V K CC X V P G V(X, E) V m G N : 

(1.4) sup||Pu e || =O{e m ){e^0). 

xeK 

In this book we shall deal with generalized sections of the tensor bundle T s r (X) 
over X, this we denote by 

g r s (X) :=T g (X,T s r (X)). 

Elements of the latter we call generalized tensors of type (r, s). We end this section 
by translating the global description of generalized vector bundles in terms of co- 
ordinate expressions. Following the notation of |30j . we denote by (V,^f) a vector 
bundle chart over a chart (V, ip) of the base X. With R" , the typical fibre, we can 
write: 

* : n- x (V) -> ip(V) x M'"' , 

z^i^p)^ 1 ^),...,^'^))- 
Let now s G Tg(X, E). Then the local expressions of s, s l = oso lie in 
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An equivalent "local definition" of generalized vector bundles can be achieved 
by defining moderate nets (s e ) e of smooth sections s e to be such for which the local 
expressions si = fy l o s e o f/; -1 are moderate, that is (s* ) e £ SMi^iV)). The notion 
negligible is defined completely similar. The proof of this fact can be achieved by 
using Peetre's theorem (cf. [18] . p. 289). 

1.1.2. Generalized pseudo-Riemannian geometry. We begin with recall- 
ing the following characterization of non-degenerateness of symmetric (generalized) 
tensor fields of type (0,2) on X f |31| . Theorem 3. 1). For a characterization of 
invertibility of generalized functions we refer to Proposition 2. 1 of |31] and for a 
further characterization we refer to the appendix of chapter [2] (namely Theorem 
E46]). 

Theorem 1.1. Let g G Q®(X). The following are equivalent: 

(i) For each chart {V a ,ip a ) and each x £ {ip a {V a ))~ the map g a {x) : R n x 
R" — > R is symmetric and non-degenerate. 

(ii) g : G\(X) x Q®(X) — > G(X) is symmetric and det(g) is invertible in 

Q{x). 

(iii) det g is invertible in G(X) and for each relatively compact open set V C X 
there exists a representative {g e )e of g and £o > such that g £ \y is a 
smooth pseudo-Riemannian metric for all e < Eq. 

Furthermore, the index of g € G®(X) is introduced in the following well defined 
way (cf. Definition 3. 2 and Proposition 3. 3 in [31] ): 

Definition 1.2. Let g g G^iX) satisfy one (hence all) of the equivalent con- 
ditions in Thcorcm ll.il If there exists some j £ N with the property that for each 
relatively compact open set V C X there exists a representative {g e )s of g as in 
Thcorcm ll.il (pH| such for each e < Eq the index of g e is equals j we say g has index 
j. Such symmetric 2-forms we call generalized pseudo-Riemannian metrics on X. 

We shall work in generalized space-times. These are pairs (A4,g), where M. is 
an orientablc paracompact four dimensional smooth manifold and g is a symmetric 
generalized (0,2) tensor with invertible det g (cf. Theorem ll.l|) and index v = 1. 
In chapter [5] we develop algebraic foundations of generalized Lorentz geometry; 
here the emphasis lies on considering Lorentz metrics from a generalized point of 
view and to develop causality notions in the generalized context. In the subsequent 
chapter [3] we use the so found new concepts to define and work with space-time 
symmetries, namely (smooth) time-like Killing vector fields £ with respect to a 
generalized metric g (cf . Definition 13.151 and the subsequent elaboration) . 

We end this section with reviewing the notion of generalized connections and 
curvature (|30|. section 5). 

A generalized connection D is a mapping G^{J\A) x Q^(A4) — > Qq(A4) satisfying 
(for the notion of generalized Lie derivative, cf. [30] ) 

(i) D^tj is R-linear in 77, 

(ii) D^rj is C7(.M) -linear in £ and 

(iii) D^(urj) — uD^-q + £,(u)r] for all u in Q(M). 

In analogy with the standard pseudo-Riemannian geometry, the connec- 
tion is unique provided the following additional conditions are satisfied 
(cf. [30], Theorem 5.2). For arbitrary £,77, ( € Gl{M) we have: 
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(iv) [£,rj\ = D e r) - D n $, and 

(v) ^9(V,0=9(D^,0+9(V,D £ 0- 

In terms of coordinate expressions, the connection can be written down by 
means of "generalized" Christoffel symbols: Assume we are given a chart (V a , ipa) 
on A4 with coordinates x % (i — 1, ... ,4). The Christoffel symbols are generalized 
functions Iy £ Q(V a ) defined by 

Da.fi!,- = T%d k , l<i,j<n. 

1.1.3. Generalized function concepts in general relativity. Even 
though sufficient motivation to study the Cauchy problem of the wave equation on 
a space-time whose metric is of lower differentiability may emerge from a purely 
mathematical interest, our original motivation actually stems from physics. The 
aim of this section is to answer the following two questions: "Why do we intend 
to solve the wave equation on a singular space-time" and, "Why do wc employ 
generalized function algebras for this matter?" . 

The field of general relativity is a non-linear theory, in the sense that the 
curvature depends non-linearly on the metric and its derivatives. This results in 
several problems when one comes to consider the concept of singularities in space- 
times: 

(i) Firstly, from a mathematical point of view, an immediate problem when 
a singular space-time is modeled by means of a distributional metric, 
is: In the coordinate formula for the Christoffel symbols (hence in the 
formula for the curvature), products of the metric coefficients and their 
derivatives occur, and a (distributional) meaning has to be given to the 
latter. As outlined above, this is not always possible in the framework 
of distributions, because they form a linear theory ( cf. the discussion at 
the beginning of the chapter). 

(ii) The second natural obstacle is the difficulty of distinguishing "strong" 
singularities from "weak" singularities. Singularities were originally de- 
fined as endpoints of incomplete geodesies, which could not be extended 
such that the differentiability of the resulting space-time remained C 2 ~ 
(cf. Hawking and Ellis, |21| ). The class of singularities defined in this 
manner unfortunately includes both genuine gravitational singularities 
such as Schwarzschild and "weaker" singularities as in conical space- 
times, impulsive gravitational waves and shell crossing singularities. A 
recent idea put forward by C. J. S. Clarke in ([7]) supports a new con- 
cept of "weak" singularities: A singularity in a space-time should only 
be considered essential if it disrupts the evolution of linear test fields. 
According to this idea, Clarke calls a space-times generalized hyperbolic, 
if the Cauchy problem for the scalar wave equation is well posed, and 
then shows that space-times with locally integrable curvature are in this 
class. 

Vickcrs and Wilson arc the first authors who apply Clarke's concepts by show- 
ing that conical space-times are generalized hyperbolic (cf. |49j : in the context 
of generalized function algebras this is called ^-generalized hyperbolic). To fur- 
ther overcome obstacle (0) in a mathematically rigorous way, they reformulate the 
Cauchy problem in the full Colombeau algebra. Finally, they show that the re- 
sulting generalized solution is associated with a distributional solution (this can be 
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done by considering weak limits with respect to the smoothing parameter s, cf. the 
definitions given in section 14. 3. 1.4|) . 

We shall follow Vickers' and Wilson's approach and try to generalize their result 
to a wide range of generalized space-times in chapter [3] However, it should be noted 
that contrary to |49j , we work in the special algebra exclusively. Moreover, the 
technique we are using (based on certain energy integrals and Sobolev norms) lies 
somewhere between Hawking and Ellis' method ( [21) ) and Vickers' and Wilson's. 

For more information on the use of generalized function algebras in relativity 
we refer to the recent review 146) on this topic by R. Steinbauer and J. Vickers 
as well as J. Vickers's article ([17] pp. 275-290) and the introduction to |49j . For 
relativistic applications in the framework of Colombeau's theory, see [El \18[ 119] . 

1.2. Uniqueness issues in algebras of generalized functions 

The last chapter of the present work consists of three different problems which 
we have summarized under the title "point values and uniqueness questions in 
algebras of generalized functions". Even though the problems are quite different, 
they all have to do with the basic question: "given two generalized functions /, g, 
how can we decide if / = g?" It is clear that we can reduce this to the problem of 
determining whether a generalized function h vanishes identically. Before we come 
to a possible answer offered by M. Kunzingcr and M. Oberguggcnberger in [38] 
in form of a "uniqueness test" via evaluation of generalized functions on so-called 
compactly supported points, we motivate the problem from the distributional point 
of view. 

By definition, a distribution w G V is zero if the test with arbitrary test 
functions </> yields (w,<p) = 0. The question, reformulated in the context of the 
special algebra, reads, "is the embedded object i(w) G Q identically zero?". 

However, since the key idea of embedding distributions into Q is regularization 
of the latter, we shall leave aside the embedding and answer this question for 
regularized nets of distributions in terms of the following characterization: 

Theorem 1.3. Let u e T>'(R n ) and let p G T>(R n ) be a standard mollifier, that 
is, with J p(x) dx n = 1 and let p e {x) :— prp(f )• The following are equivalent: 



Proof. The implication (JTJ) ^> (JUJ) is obvious, since for each e > and each 
x G K", p e * u(x) = (u(y), p £ (^—^)) = 0. To show the converse direction, assume 
u ^ but that (O holds. Then there exists 4> G V{W l ) such that (u,(f>) ^ 0. It 
follows that there exists a positive constant C\ and an index Eq G (0, 1] such that 
for each e < eq we have 



Therefore there exist a sequence — > in (0, 1], a compactly supported sequence 
x ek G K ra and a positive number C such that for each k > 1 we have 



(i) u = inV'{W). 

(ii) For each compactly supported net (x e ) e G (M™)^ 0,1 ! we have 

(u*p E )(x e )^0 if e — ► 0. 



(1.5) 




(1.6) 



\ u *Ps k {Xe k )\ > C. 
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Indeed, if we assume the contrary, then for each set K CC R" we would have 
sup xg ^ | it * p e \ — » whenever e — > 0. Fix K such that supp</> C A". Then we have 

(U* p £ )4>dx n < Vol(lf)||0||oo||«* Pc||if,oo 

whenever e — > 0, a contradiction to ()1.5|) . 

Finally define (x e ) e as follows: x 6 := x efc whenever e G (£fc+i,£fc] {k > 1) and 
ir E := x ei when s £ (x\, 1]. By (| 1 . 6[) we have a contradiction to our assumption. 
Therefore u = and we are done. □ 

It is further evident that, in the above characterization, cannot be replaced 
by the condition 
For each x £ R™ we have 

(u * p s )(x) — ► whenever e — > 0. 

To see this, take a standard mollifier p with support suppp = [0, 1]. Then for each 
x there exists an index £o such that p e {x) = for each e < eq. But for £-t0we 
have 

p e —> 8 in V. 

We go on now by showing how these ideas are elaborated in the context of the 
special algebra: 

1.2.0.1. The generalized point values concept. Generalized functions can be 
evaluated at standard points. To be more precise, let us introduce the ring of 
generalized numbers R, defined by the quotient 

R := £ M /Af, 

where the ring of moderate numbers 

£m ■= {{xe) s € R (oal :3N: \x s \ = 0(£~ N )}. 

Similarly the ideal of negligible numbers J\f in Em is given by 

M := {(x e ) e G M (0 ' 1] : Vm : \x e \ = 0{e m )}. 

Let R c denote the set of compactly supported elements of R, that is: x c lies in 
R c if and only if there exists a compact set K C R such that for one (hence any) 
representative {x e ) e there exists an index £o such that for all e < Eq we have 
x £ e K. It can easily be shown that evaluation of generalized functions / on 
compactly supported generalized points makes perfect sense in the following way: 
let (f £ )e be a representative of / 6 <7(R), then 

f(x c ) := (/ E (l £ )) £ +^Gl 

yields a well defined generalized number. We denote by / : R c — > R the above map 
induced by the generalized function /. 

By a standard point x we shall mean an element of R which admits a constant 
representative, i. e. x = (a) £ +Af for a certain real number a. M. Kunzinger and 
M. Oberguggenberger show in ( [38] ) that it does not suffice to know the values 
of generalized functions at standard points in order to determine them uniquely. 
Furthermore, the following analog of Theorem II .31 holds: 

Theorem 1.4. Let f e <?(R). The following are equivalent: 
(i) / = inG(R), 



10 



1. INTRODUCTION 



(ii) Vi c G K c : f(x c ) = 0. 

Note that a similar statement holds in Egorov algebras (cf. the final remark 
in [38]). In the first section of chapter d] we show that also in p-adic Egorov 
algebras such a characterization holds and that evaluation at standard points does 
not suffice to determine elements of such algebras uniquely. In section 14.21 we 
elaborate a topological question in the ring of generalized numbers R endowed with 
the so-called sharp topology. Finally, in the end of chapter |4] we apply some new 
differential calculus on R due to Aragona ([4]) for showing that the only scaling 
invariant functions on the real line arc the constants. 



CHAPTER 2 



Algebraic foundations of Colombeau Lorentz 

geometry 

In the course of chapter [3] we shall establish a local existence and uniqueness 
theorem for the Cauchy problem of the wave equation in a generalized context. The 
considerations we had to undertake to achieve this result showed that a generalized 
concept of causality might be useful to describe scenarios in a non-smooth space- 
time without always having to deal merely with the standard concepts component- 
wise on the level of representatives. However, also from a purely theoretical point 
of view, the need of a such a concept becomes clear: the non-standard aspect in 
Colombeau theory, which gives rise to a description of objects not point-wise but 
on so-called generalized points (cf. |38j and chapter 0]) . This has been taken up 
in the recent and initial work by M. Kunzinger and R. Steinbauer on generalized 
pseudo-Riemannian geometry f [31j ). on which we base our considerations (cf. the 
assumptions on the metric in section [3. 3. 2[) . but it has not yet been investigated to a 
wide extent. For instance, invertibility of generalized functions has been character- 
ized (cf. [31j . Proposition 2. 1) and allowed a notable characterization of symmetric 
generalized non-degenerate (0, 2) forms (cf. Theorem II. ip . But so far there has not 
been given a characterization of generalized pseudo-Riemannian metrics h in terms 
of bilinear forms h stemming from evaluation of h at compactly supported points 
(on the respective manifold). 

The main aim of this chapter, therefore, is to describe and discuss some ele- 
mentary questions of generalized pseudo-Riemannian geometry under the aspect of 
generalized points. Our program is as follows: Introducing the index of a symmetric 
bilinear form on the n-dimensional module R™ over the generalized numbers R en- 
ables us to define the appropriate notion of a bilinear form of Lorentz signature. We 
can therefore propose a notion of causality in this context. The general statement 
of the inverse Cauchy-Schwartz inequality is then given. We further show that a 
dominant energy condition in the sense of Hawking and Ellis for generalized energy 
tensors (such as also indirectly assumed in [49]) is satisfied. We also answer the 
algebraic question: " Does any submodule in M" have a direct summand?" : For free 
submodules, the answer is positive and is basically due to a new characterization 
of free elements in W l . In general, however, direct summands do not exist: M n 
is not semisimplc. In the end of the chapter we present a new characterization of 
invertibility in algebras of generalized functions. Finally, we want to point out that 
the positivity issues on the ring of generalized numbers treated here have links to 
papers by M. Obcrguggenberger et al. (\22\ 135]). 



li 
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2. ALGEBRAIC FOUNDATIONS OF COLOMBEAU LORENTZ GEOMETRY 



2.1. Preliminaries 

Let / := (0, 1] C R, and let IK denote R resp. C. The ring of generalized 
numbers over K is constructed in the following way: Given the ring of moderate 
nets of numbers £(K) := {(x e ) e £ K 1 | 3 m : \x £ \ = 0(e m ) (e — > 0)} and, similarly, 
the ideal of negligible nets in £ (K) which are of the form Af(K) := {(x s ) s £ K J | 
V m : \x e \ = 0(e m ) (e — > 0)}, we may define the generalized numbers as the factor 
ring K := £j\/(K)/A/'(K). An clement a £ K is called strictly positive if it lies in 
R (this means that for any representative (a £ ) £ = (Re(a £ )) £ + i(Im(a e )) e we have 
(Im(a E )) E £ Af(R)) and if a has a representative (a E ) E such that there exists m > 
such that Re(a e ) > e m for each e £ I = (0, 1], we shall write a > 0. Clearly any 
strictly positive number is invertiblc. (3 £ R is called strictly negative, if —j3 > 0. 
Note that a generalized number u is strictly positive precisely when it is invertiblc 
(due to [31] Proposition 2. 2 this means that u is strictly non-zero) and positive 
(i. e., u has a representative (u e ) £ which is greater or equals zero for each e £ I). 
In the appendix to this chapter a new and somewhat surprising characterization of 
invertibility and strict positivity in the frame of the special algebra construction is 
presented. 

Let A C I, then the characteristic function \A £ R is given by the class of 
(Xe)s, where 




1, if e £ A 
0, otherwise 



Whenever R n is involved, we consider it as an R- module of dimension n > 1. 
Clearly the latter can be identified with £nj(^- n )/N(§t n ), but we will not often use 
this fact subsequently. Finally, we denote by R™ := A4 n (M) the ring of n x n 
matrices over R. A matrix A is called orthogonal, if UU* = I in R" and det U = 1 
in R. Clearly, there are two different ways to introduce R n : 

Remark 2.1. Denote by fM(A / I n (R)) the ring of moderate nets ofnxn ma- 
trices over R, a subring of Ai n (M.y . Similarly let J\f(M. n (M.)) denote the ideal of 

— 2 

negligible nets of real n x n matrices. There is a ring isomorphism ip : R™ — ► 
£ M (M„(R))/AA(M„(R)). 

For the convenience of the reader we repeat Lemma 2. 6 from |31j : 

Lemma 2.2. Let A £ R™ . The following are equivalent: 

(i) A is non- degenerate, that is, £ £ R n , S^Aq = for each r\ £ R™ implies 

£ = 9- 

(ii) A : R™ -> R™ is injective. 

(iii) A : R> -> R™ is bijectiye. 

(iv) det A is invertible in R. 

Note that the equivalence of (p])- ([m|) and (|rv|) results from the fact that in R 
any nonzero non-invertible element is a zero-divisor. Since we deal with symmetric 
matrices throughout, we start by giving a basic characterization of symmetry of 
generalized matrices: 

— 2 

Lemma 2.3. Let A £ R™ . The following are equivalent: 
(i) A is symmetric, that is A = A 1 in I™ . 



2.1. PRELIMINARIES 



13 



(ii) There exists a symmetric representative {A e ) e := ((afj )y )e of A. 

PROOF. Since dn]) => © is clear, we only need to show Q ju]). Let ((a^) y ) £ 
a representative of A. Symmetrizing yields the desired representative 

(4)- : = 2 

of A. This follows from the fact that for each pair <G {1, . . . , n} 2 of indices one 
has (af j ) £ - (a £ jl ) £ <E 7V(M) due to the symmetry of A. □ 

Denote by || \\f the Frobenius norm on Ai n (C). In order to prepare a notion 
of eigenvalues for symmetric matrices, we repeat a numeric result given in [47] 
(Theorem 5. 2): 

Theorem 2.4. Let A £ M n (C) be a Hermitian matrix with eigenvalues Ai > 
••■ > A n . Denote by A a non-Hermitian perturbation of A, i. e., E = A — A 
is not Hermitian. We further call the eigenvalues of A (which might be complex) 
Ilk + ivk (1 < k < n) where fj,x > ■ ■ ■ > fx n . In this notation, we have 



Y,\(Vk+ivk)-\k\ 2 < V2\\E\\ F . 

k=l 

Definition 2.5. Let A e K™ 2 be a symmetric matrix and let (A E ) e be an 
arbitrary representative of A. Let for any eg/, 6^^ :— [ik,e + i^k,e (1 < fc < n) be 
the eigenvalues of A e ordered by the size of the real parts, i. e., > ■ ■ • > 
The generalized eigenvalues 6}. G C (1 < k < n) of A are defined as the classes 

Lemma 2.6. Let A € R" &e a symmetric matrix. Then the eigenvalues 
Xk (1 < k < n) of A as introduced in Definition \2.5\ are well defined elements 
o/M. Furthermore, there exists an orthogonal U € R™ sitc/i that 

(2.1) CMC/' =diag(Ai,...,A„). 

PFe call Aj (1 < i < n) the eigenvalues of A. A is non- degenerate if and only if all 
generalized eigenvalues are invertible. 

Before we prove the lemma, we note that throughout the chapter we shall omit 
the term "generalized" (eigenvalues) and we shall call the generalized numbers 
constructed in the above way simply "eigenvalues" (of a generalized symmetric 
matrix). 

Proof. Due to Lemma |2"31 we may choose a symmetric representative {A e ) e = 
(( a tj)ij)e € £mCA4«(R)) °f A . For any e, denote by Ai >e > • • • > A„ j£ the resp. 
(real) eigenvalues of (af^)^ ordered by size. For any i e {1, . . . ,n}, define A.; := 

(Ai, e ) £ +jV(M) € R. For the well-defmedness of the eigenvalues of A, we only need 
to show that for any other (not necessarily symmetric) representative of A, the resp. 
net of eigenvalues lies in the same class of £m(C); note that the use of complex 
numbers is indispensable here. Let (A £ ) £ = ((afj)ij) e be another representative of 
A. Denote by Hk,e + ivk+e the eigenvalues of A e for any e £ I such that the real 



\ 
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parts are ordered by size, i. e., jtxi )£ > • • • > (J, n ,e- Denote by (E s ) s := (A £ ) £ — {A £ ) e . 
Due to Theorem 12.41 we have for each e G I: 



I (Mm + w k,e) - A M | 2 < y/2\\E e \\ F . 

fc=i 

Since {E s ) s € Af(M n (R)), (|2.2|) implies for any k G {1, . . . ,n} and any to, 

|(MM+ il/ M)- A Ml = 0(£ m ) (e->0) 

which means that the resp. eigenvalues of {A £ ) £ and of (A £ ) £ in the above order 
belong to the same class in £m(C). In particular they yield the same elements of 
R. The preceding argument and Lemma 12.31 show that without loss of generality 
we may construct the eigenvalues of A by means of a symmetric representative 
(A e ) e = (( a ij)ij)e G £ Af(A4„(M)). For such a choice we have for any e an orthogonal 
matrix U £ such that 

U £ A £ Ul = diag(Ai, e , • ■ • , A„, e ), Ai, £ > • • • > A„, E . 

Declaring t/ as the class of (U £ ) £ G £m(-M„(R)) yields the proof of the second 
claim, since orthogonality for any U £ implies orthogonality of U in .M„(R). Finally, 
decomposition ()2. 1[) gives, by applying the multiplication theorem for determinants 
and the orthogonality of U, detA = 0™=i Ai- This shows in conjunction with 
Lemma [2.2l that invertibility of all eigenvalues is a sufficient and necessary condition 
for the non-degencrateness of A and we are done. □ 

Remark 2.7. A remark on the notion eigenvalue of a generalized symmetric 
matrix A G l n is in order: Since for any eigenvalue A of A we have det(A — AI) = 
det(U(A - AI)£/*) = det{{UAU l ) - AI) = 0, Lemma E2 implies that A -XI: R" -> 
M. n is not injective. However, again by the same lemma, det(^4 — AI) = is not 
necessary for A — XI to be not injective, and a 9 G R for which ^4 — 6*/ is not injective 
need not be an eigenvalue of A. More explicitly, we give two examples of possible 
scenarios here: 

(i) Let ViG{l,...,n}:Aj7^0 and for some i let Ai be a zero divisor. Then 
besides A — Ai (i = 1, . . . ,n), also A : 1™ — ► R™ fails to be injective. 

(ii) "Mixing" representatives of A,,Aj (i ^ j) might give rise to gener- 
alized numbers 8 G R, 9 ^ XjWj G {1, ...,n} for which A - 91 is 
not injective as well. Consider for the sake of simplicity the matrix 

D := diag(l.-l) G M 2 (R). A rotation U v := ( cos ^\ sin &) \ 

\ — sm(ip) cos(v?) J 

yields by matrix multiplication 

t _ ( cos(2</?) -sin(2(/») \ 
v y -sin(2<^) -008(2^) J ■ 

The choice of ip = ir/2 therefore switches the order of the entries of D, i. e., 
U„/ 2 DU^, 2 = diag(— 1, 1). Define U, X as the classes of (U £ ) £ , {X £ ) £ defined by 

Us:= (l:e£ln® 
\U„/2 ■ else 



(2.2) 



\ 
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1 : eeinQ 
— 1 else 



further define fj, £ R by /i + A = 0. Then we have for A := [(-D) e ]: 

UDU* = diag(A,)Lt). 

Therefore as shown above, I? — AI, D — /il are not injective considered as maps 
R n — > R n . But neither A, nor \i are eigenvalues of D. 

Definition 2.8. Let A £ R™ 2 . We denote by v+(A) (resp. u-(A)) the number 
of strictly positive (resp. strictly negative) eigenvalues, counting multiplicity. Fur- 
thermore, if v + ( A) + V- ( A) = n, we simply write v{A) := i>-(A). If A is symmetric 
and v{A) = 0, we call A a positive definite symmetric matrix. If A is symmetric 
and ^+(^4) + v-{A) = n and v{A) = 1, we say A is a symmetric L-matrix. 

The following corollary shows that for a symmetric non-degenerate matrix in 

— 2 

1" counting n strictly positive resp. negative eigenvalues is equivalent to having a 
(symmetric) representative for which any e-component has the same number (total 
n) of positive resp. negative real eigenvalues. We skip the proof. 

Corollary 2.9. Let A £ R™ be symmetric and non-degenerate and j £ 
{!,..., n}. The following are equivalent: 



(ii) For each symmetric representative {A e ) e of A there exists some Eq £ I 
such that for any e < e we have for the eigenvalues Ai. e > • ■ ■ > X rii£ of 



2.2. Causality and the inverse Cauchy-Schwarz inequality 

In a free module over a commutative ring R =/= {0}, any two bases have the 
same cardinality. Therefore, any free module 97l„ of dimension n > 1 (i. c., with a 
basis having n elements) is isomorphic to R n considered as module over R (which 
is free, since it has the canonical basis). As a consequence we may confine ourselves 
to considering the module R" over R and its submodules. We further assume that 
from now on n, the dimension of R", is greater than 1. It is quite natural to start 
with an appropriate version of the Stcinitz exchange lemma: 

PROPOSITION 2.10. Let B = {vi, . . . , v n } be a basis for R". Let w = Ai«i + 
• • • + X n v n £ R™ such that for some j (1 < j < n), Xj is not a zero divisor. Then, 
also B' := {v\, . . . , «j-i, w, Uj+i, ■ ■ ■ , v n } is a basis for R n . 

Proof. Without loss of generality we may assume j = 1, that is Ai is invert- 
ible. We we have to show that B' := {w, v%, . . . , v n } is a basis for R™. Assume we 
are given a vector v — l J " iVi e ^ e ^ ^ mce ^i is invertible, we may 



write v\ = j^w — j^v 2 - ■ ■ ■ - j^v n . Thus we find v = + J2k=2(l 1 k ~ ^J^)^, 



which proves that B' spans R". It remains to prove linear independence of B': 
Assume that for /i, fi2, ■ ■ ■ , fJ>n €E R we have \iw + [iiV2 H — • + fJ*n.v n = 0. Inserting 
w = J27=i ^i y i yields fxXiVi + (^A 2 + /i 2 )u 2 + ■ ■ • + (/iA n + (J, n )v n = and since B 
is a basis, it follows that /1A1 = /JA2 + fX2 = ■ ■ ■ = fiX n fi n = 0. Now, since Ai is 



(i) v + {A)+v_(A) 



n, v{A) =j. 



A: 



. . . , A n _j i£ > 0, A. 



•n— 1 



■ ■ ■ , Xn,e < 0. 
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invertible, it follows that (i = 0. Therefore \x% = • • • = fx n = which proves that 
w, Vi, . . . , v n are linearly independent, and B' is a basis. □ 

Definition 2.11. Let b : E™ x E™ — > E be a symmetric bilinear form on E™. 
Let j G N . If for some basis B := {ei, . . . , e„} of M™ we have i/((6(ej, e.j))ij) = j 
we call j the index of b. If j = we say that & is positive definite and if j = 1 we 
call b a symmetric bilinear form of Lorcntz signature. 

Note that as in the classical setting, there is no notion of 'eigenvalues' of a 
symmetric bilinear form, since a change of coordinates that is not induced by an 
orthogonal matrix need not conserve the eigenvalues of the original coefficient ma- 
trix. We are obliged to show that the notion above is well defined. The main 
argument is Sylvester's inertia law (cf. [13] . pp. 306): 

Proposition 2.12. The index of a bilinear form b on E" as introduced in 
DeHnition \2.11\ is well defined. 

Proof. Let B, B' be bases of E™ and let A be a matrix describing a linear 
map which maps B onto B' (this map is uniquely determined in the sense that it 
only depends on the order of the basis vectors of the resp. bases). Let B be the 
coefficient matrix of the given bilinear form b and let further k := v(B). The change 
of bases results in a 'generalized' equivalence transformation of the form 

BhT := A l BA, 

T being the coefficient matrix of h with respect to B' . We only need to show that 
v(B) = v{T). Since the index of a matrix is well defined (and this again follows 
from Lemma [221 where it is proved that the eigenvalues of a symmetric generalized 
matrix are well defined) , it is sufficient to show that for one (hence any) symmetric 
representative {T £ ) £ of T there exists an So € I such that for each e < So we have 

Ai, E > 0, . . . , X n -k,e > 0, \ n -k+i,e < 0, . . . , A n _fe lE < 0, 

where (Ai jE ) e (i = 1, ... ,n) are the ordered eigenvalues of (T e ) £ . To this end, let 
{B e ) e be a symmetric representative of B, and define by (T e ) e a representative of 
T component-wise via 

T £ := A\B e A e . 

Clearly (T £ ) £ is symmetric. For each e let Xi i£ > • • • > X n ,e be the ordered eigen- 
values of T £ and let \i\ i£ > • • • > [i n ,e be the ordered eigenvalues of B £ . Since A 
and B are non-degenerate, there exists some £o € I and an integer mo such that 
for each e < Eq and for each i = 1, . . . , n we have 

|A li£ |>e mo and | Mi>£ | > e m °. 

Furthermore due to our assumption k = v{B), therefore taking into account the 
component-wise order of the eigenvalues fii t£ , for each e < £o we have: 

tJ-i,e >s m ° (i = l,...,n-k) and fi U£ < -e m ° (i = n - k + 1, . . . , n). 

As a consequence of Sylvester's inertia law we therefore have for each e < Eq: 

A lj£ > e mo (i = l,...,n-k) and A lj£ < -e m ° (i = n - k + 1, . . . ,n), 

since for each e < s$ the number of positive resp. negative eigenvalues of B £ resp. 
T £ coincides. We have thereby shown that v(T) = k and we are done. □ 
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Definition 2.13. Let b : R" x R" — > K be a symmetric bilinear form on R™. 
A basis B := {ei, . . . , efc} of R" is called an orthogonal basis with respect to b if 
b(ei, ef) =0 whenever i =/= j. 

COROLLARY 2.14. Any symmetric bilinear form b on R" admits an orthogonal 
basis. 

Proof. Let B := {vi, . . . , v n } be some basis of R", then the coefficient matrix 
A := (b(vi,Vj))ij G R" is symmetric. Due to Lemma [2.61 there is an orthogonal 
matrix U G R™ 2 and generalized numbers 0j (1 < i < n) (the so-called eigenval- 
ues) such that UAU 1 = diag(#i, . . . , 9 n ). Therefore the (clearly non-degenerate) 
matrix U induces a mapping R™ — > R" which maps B onto some basis B' which is 
orthogonal. □ 

Definition 2.15. Let Ai, . . . , A fe e R (k > 1). Then the span of A, (1 < i < k) 
is denoted by ({Ai, . . . , A„}). 

We now introduce a notion of causality in our framework: 

Definition 2.16. Let g be a symmetric bilinear form of Lorentzian signature 
on R n . Then we call u G R" 

(i) time-like, if g(u, u) < 0, 

(ii) null, if u = or u is free and g(u, u) = 0, 
(hi) space-like, if g{u, u) > 0. 

Furthermore, we say two time-like vectors u, v have the same time-orientation when- 
ever g(u, v) < 0. 

Note that there exist elements in W 1 which are neither time-like, nor null, nor 
space-like. 

The next statement provides a characterization of free elements in R". We 
shall repeatedly make use of it in the sequel. 

Theorem 2.17. Let v be an element o/R". Then the following are equivalent: 

(i) For any positive definite symmetric bilinear form h on M. n we have 

h(v, v) > 

(ii) The coefficients of v with respect to some (hence any) basis span R. 
(hi) v is free. 

(iv) The coefficients v l (i = 1, . . . , n) of v with respect to some (hence any) ba- 
sis o/R n satisfy the following: For any choice of representatives {v l E ) E (1 < 
i ^ n) of v l there exists some Eq £ I such that for each e < Eq we have 

max \v l e \ > 0. 

i— l....,n 

(v) For each representative (v e ) £ € £a/(R") of v there exists some Eq G / 
such that for each e < Eq we have v e ^ in R™. 

(vi) There exists a basis of R ra such that the first coefficient v l of v is strictly 
non-zero. 

(vii) v can be extended to a basis o/R". 
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(viii) Let v l (i = l,...,n) denote the coefficients of v with respect to some 
arbitrary basis of R n . Then we have 

\\V\\:= 

PROOF. We proceed by establishing the implications (0 => (JTTJ) (fTTTj) (ji]), 
further the equivalence Q (jviiip as well as |rv)l (|viii[) and (jrvj) (jvj) and end 
with the proof of Jrv]) ((vTJ) => (JvITJ) =4- (jviiip => ([rv]), 

If w = the equivalences are trivial. We shall therefore assume i> 7^ 0. 

(0 =r* ©: Let (hij)ij be the coefficient matrix of ft. with respect to some fixed basis 

S of R n . Then A := J2i<i j< n hijV l v^ = h(v,v) > 0, in particular A is invertible 

and h%D \ = 1 which shows that {{v 1 , . . . ,v n }) = R. Since the choice of 

the basis was arbitrary, ([n]) is shown. 

JO]) =>• (pS|) : We assume ({w 1 , . . . , v n }) = R but that there exists some A 7^ : Xv — 
0, that is, V i : 1 < i < n : Xv 1 = 0. Since the coefficients of v span R, there exist 
/xi, . . . , fi n such that A = Y17=i M^ 1 - It follows that A 2 = Y^l=\ m{Xv l ) = but this 
is impossible, since R contains no nilpotent elements. 

(|mf =>■ (H| : Due to Lemma 12.61 we may assume that we have chosen a basis such 
that the coefficient matrix with respect to the latter is in diagonal form, i. e., 
(hij)ij = diag(Ai, . . . , X n ) with A; > (1 < i < n). We have to show that h(v, v) = 
S»=i ^i{ vl ) 2 > 0. Since there exists eo & I such that for all representatives of 
Ai, . . . , A„, v 1 , . . . , v n we have for e < s that j £ := Ai e (i^) 2 + • • ■ + A„ £ (i>™) 2 > 0, 
h(v, v) ^ would imply that there exists a zero sequence Ek — > (k — > 0) such that 
7 £(c < e . This implies that h(v, v) is a zero divisor and it means that all summands 
share a simultaneous zero divisor, i. e., 3 fj, 7^ 0V i £ {l,...,n} : /iA;(t/) 2 = 0. 
Since u was free, this is a contradiction and we have shown that fj} holds. 
The equivalence ^ <^> (jviiip is evident. We proceed by establishing the equivalence 
(jrvj) <i^> (jviiip . First, assume (jviiip holds, and let (v l e ) e (1 < i < n) be arbitrary 
representatives of v 1 (i = 1 , . . . , n) . Then 




is a representative of (||f||) 2 as well, and since ||u|| is strictly positive, there exists 
some mo and some £0 € I such that 

71 

Ve < e : J2(v l £ ) 2 > e m °. 

i=l 

This immediately implies (jivj) . In order to see the converse direction, we proceed 
indirectly. Assume (jviiip does not hold, that is, we assume there exist representa- 
tives (v l e ) e of v l for i = 1, . . . , n such that for some sequence — ► (k — ► 00) we 
have for each k > that 

n 

E«) 2 <4 

i=l 

Therefore one may even construct representatives {y\) e for v % (i = 1, . . . , n) such 
that for each A: > and each i £ {1, . . . ,71} we have v £fc =0. It is now evident 
that (££) e violate condition ([Iv]) and we are done with (fry]) (jviiip . (jivj) (jvj) is 
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evident. So we finish the proof by showing (fry)) (jvi|) => (jvu| => ((TvJ) Clearly (jviij) 
=>• ([rvj) . To sec ([rv|) (|vT|) we first observe that the condition jrv]) implies that there 
exists some Too such that for suitable representatives of v l (i = 1, .. . ,n) we 

have for each £ S / max != i v .. im > e m °, i. e., 

V££/3i(f)e {l,...,n} : |< (e) | >e mo . 

We may view := ((v*, . . . , v")*) £ £ £a/(R") as a representative of v in 

£a/(K™)/A/"(IR™). Denote for each e S / by A £ the representing matrix of the 
linear map R™ — > 1™ that merely permutes the th. canonical coordinate of R" 
with the first one. Define A : R n — > R™ the bijective linear map with representing 
matrix 

A:= (A e ) e +£ M (M n (R))- 
What is evident now from our construction, is: The first coefficient of 

v:=Av = (A e v e ) e + S M (M. n ) 
is strictly nonzero and we have shown (jvi|) . Finally we verify (jvi|) t|vii[) . Let {e, | 
1 < i < n} denote the canonical basis of R" . Point (JvTJ) ensures the existence of a 
bijective linear map A on R" such that the first coefficient v 1 of v = (v 1 , . . . , v 11 ) 1 := 
Av is strictly non-zero; applying Proposition ^. lOl vields another basis {v, e2, ■ ■ ■ , e n } 
of R ra . Since A is bijective, {v = A~ 1 e 2 , ■ ■ ■ , A~ 1 e n } is a basis of R™ as well 

and we are done. □ 

We may add a non-trivial example of a free vector to the above characterization: 

Example 2.18. For n > 1, let Xi G R (1 < i < n) have the following properties 

(i) A? = Aj V i e {1, . ..,n} 

(ii) XiXj = V i £ j 

(iii) ({Ai,...,A„}) =R 

This choice of zero divisors in R is possible (idempotent elements in R are thor- 
oughly discussed in [5], pp. 2221-2224). Now, let B = {ei, . . . , e„} be the canon- 
ical basis of R". Theorem \ZT71 dm]) implies that v := Er=i( _1 ) (m)( " +1)A i e i is 
free. Furthermore let 7 € £„ be the cyclic permutation which sends {1, ... ,71} to 
{n, 1, . . . , n— 1}. Clearly the sign of 7 is positive if and only if n is odd. Define n vec- 
tors vj (1 < j < n) by «i := v, and such that vj is given by «j := ^fe=i A 73'- 1 (k) efc 
whenever j > 1. Let A be the matrix having the u,'s as column vectors. Then 

n n 

detA = ^Ar=^A ( . 

Due to properties (|i|iii|) . detA is invertible. Therefore, S' := {«, V2, ■ ■ ■ ,v n ] is a 
basis of R™, too. The reader is invited to check further equivalent properties of v 
according to Theorem 12. 171 

Since any symmetric bilinear form admits an orthogonal basis due to Corollary 
12.141 we further conclude by means of Theorem 12.171 

COROLLARY 2.19. Let b be a symmetric bilinear form on R™. Then the follow- 
ing are equivalent: 

(i) For any free v € R™, b(v, v) > 0. 

(ii) b is positive definite. 
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For showing further algebraic properties of R" (cf . section 12.3. lj) , also the fol- 
lowing lemma will be crucial: 

Lemma 2.20. Let h be a positive definite symmetric bilinear form. Then we 
have the following: 

(i) Vnel": h(v, v) > and h(v, v) = <^ v = 0. 

(ii) Let m be a free submodule of W 1 . Then h is a positive definite symmetric 
bilinear form on m. 

PROOF. First, we verify ®: Let v l (1 < i < n) be the coefficients of v with 
respect to some orthogonal basis B for h. Then we can write h(v, v) = Y2i=i ^i( v ' 1 ) 2 
with Xi strictly positive for each i £ {1, . . . , n}. Thus h(v,v) > 0, and h(v,v) = 
implies V i € {1 . . . n} : = 0, i. e., v = 0. This finishes the proof of part (ji|). In 
order to show ([u]) we first notice that by definition, any free submodule admits a 
basis. Let B m := {u>i, . . . , Wk} be such for m and denote by h m the restriction of h 
to m. Then, due to Theorem 12.1 71 (fij). we have for all 1 < i < k, h m (wi, Wi) > 0. Let 
j4 := (h m (wi,Wj))ij be the coefficient matrix of h m with respect to B m - Since h m is 
symmetric, so is the matrix A and thus, due to Lemma 1 2 . 61 there is an orthogonal 
matrix U E R k and there are generalized numbers Aj (1 < i < k) such that 
UAU 1 = diag(Ai, . . . , A/.) which implies that the (orthogonal, thus non-degenerate) 
U maps B m on an orthogonal basis B := {ei, . . . , e^} of m with respect to h m and 
again by Theorem 12. 171 {IJ we have Xi > (1 < i < k). By Definition 12. 1 H h m is 
also positive definite on m and we are done. □ 

Since any time-like or space-like vector is free, wc further have as a consequence 
of Theorem HHl 

Proposition 2.21. Suppose we are given a bilinear form of Lorentzian signa- 
ture on W 1 and let u £ M n \ {0} be time-like, null or space-like. Then u can be 
extended to a basis of W l . 

In the case of a time-like vector we know a specific basis in which the first 
coordinate is invertible: 

Remark 2.22. Suppose we are given a bilinear form b of Lorentzian signature 
on R™, let tibca time-like vector. Due to the definition of g we may suppose that 
we have a basis so that the scalar product of u takes the form 

g(u,u) = -X^u 1 ) 2 + X 2 (u 2 ) 2 ■■■ + X n (u n ) 2 . 

with Xi strictly positive for each i — 1, . . . ,n. Since g(u,u) < 0, we see that the 
first coordinate u 1 of u must be strictly non-zero. 

It is worth mentioning that an analogue of the well known criterion of positive 
definiteness of matrices in A4 n (M.) holds in our setting: 

Lemma 2.23. Let A e W 1 be symmetric. If the determinants of all principal 
subminors of A (that are the submatrices A^> := (ciy)i<i,j<& (1 < k < n)) are 
strictly positive, then A is positive definite. 

Proof. Choose a symmetric representative (A s ) s of A (cf. Lcmma PO]) . Clearly 
the assumption dctA^ > (1 < k < n) implies that 3eo3mVk: l<k< 
n V e < Eq : dct Ae > £ m , that is, for each sufficiently small e, A £ is a positive 
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definite symmetric matrix due to a well known criterion in linear algebra. Further- 
more det A^ n > = dot A > implies A is non-degenerate which finally shows that A 
is positive definite. □ 

Before we go on we note that type changing of tensors on l n by means of a 
non-degenerate symmetric bilinear form g clearly is possible. Moreover, given a 
(generalized) metric g £ Q^X) on a manifold X (cf. section [1.1.2)) . lowering (resp. 
raising) indices of generalized tensor fields on X (resp. tensors on R n ) is compatible 
with evaluation on compactly supported generalized points (which actually yields 
the resp. object on R n ). This basically follows from Proposition 3.9 ( |31j ) combined 
with Theorem 3.1 ( [31] ). As usual we write the covector associated to £ £ K ra in 
abstract index notation as £ a := g a b£, b - We call (i = l,...,n) the covariant 
components of £. 

The following technical lemma is required in the sequel: 

Lemma 2.24. Let u,v £ K" such that u is free and u l v = 0. Then for each 
representative {u e ) £ of u there exists a representative (v e ) e of v such that for each 
e £ / we have u t e v £ = 0. 

Proof. Let (u £ ) £ , (v £ ) £ be representatives of u,v respectively. Then there 
exists (n £ ) e e N such that 

(ul) E {v E ) E = (n £ ) e . 
By Theorem 12.171 (fry)) we conclude 

3 e Q 3 mo V e < e Q 3 j(e) : \u{^ \ > e m °. 

Therefore we may define a new representative (v e ) e of v in the following way: For 
e > £o we set v £ := 0, otherwise we define 

[vl, j + j(e) 
6 ' \v £ ^ j^y otherwise 

and clearly we have u\v £ = for each e € I. □ 

The following result in the style of |14l (Lemma 3.1.1, p. 74) prepares the inverse 
Cauchy-Schwarz inequality in our framework. We follow the book of Friedlandcr 
which helps us to calculate the determinant of the coefficient matrix of a symmetric 
bilinear form, which then turns out to be strictly positive, thus invertible. This is 
equivalent to non-degenerateness of the bilinear form (cf. Lemma |2.2[) : 

Proposition 2.25. Let g be a symmetric bilinear form of Lorentzian signa- 
ture. If u £ l n is time-like, then u is an n—1 dimensional submodule ofW 1 and 
g \ u ±xu-i- * s positive definite. 

Proof. Due to Proposition 12.211 we can choose a basis of K™ such that n := 
({it}) is spanned by the first vector, i. e., 

n = {£GR"|£' 4 = 0,A = 2,...,n}. 

Consequently we have 

(e,0lnxn=.9ii(C 1 ) 2 , 
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and gn = (it, u) < 0. If rj G II' := w 1 , then (£,rj) = CVii hence the covariant 
component rji must vanish (set £ := u, i. e., (£,?y) = (it,?]) =771= 0). Therefore we 
have 

(2.3) M)kxn' =g AB r] A e B . 

Our first observation is that it is a free (n — 1 dimensional) submodule with the 
basis £(2), . . • ,£(«,) given in terms of the chosen coordinates above via 

e {k) :=gV5t k = 2,...,n 

(cf. (|2.4[) below, these are precisely the n—1 row vectors there!) Due to the matrix 
multiplication 

/ 1 ... \ 



(2.4) 



,21 „22 „2n 



.911 * 

L_ 



\ g™ 1 5™ 2 ... 5"™ / 

evaluation of the determinants yields 

detg AB detg lj = g n . 

And it follows from det < 0, gn < that det g AB > which in particular shows 
that g AB is a non-degenerate symmetric matrix, g \ u ± xu ± therefore being a non- 
degenerate symmetric bilinear form on an n — 1 dimensional free submodule. What 
is left to prove is positive dcfinitcncss of g AB . We claim that for each u G v 1 , 
g(v,v) > 0. In conjunction with the fact that g \ u ± is non-degenerate, it follows 
that g(v,v) > for any free v G u 1 - (this can be seen by using a suitable basis for 
u which diagonalizes g \ u -l xu -l, cf. Corollary 12. 19[) and we are done. 

To show the subclaim we have to undergo an e-wise argument. Let (u £ ) e G 
£m(K") be a representative of it and let {{gfj)ij) e G £m (-M^R)) be a symmetric 
representatives of (gij)ij, where (gij)ij is the coefficient matrix of g with respect 
to the canonical basis of R™. For each e we denote by g e the symmetric bilinear 
form induced by (gfj)ij, that is, the latter shall be the coefficient matrix of g e with 
respect to the canonical basis of W 1 . First we show that 

(2.5) u x = {{v e ) e G £m(K") : Ve > : v e G u^} +JV(R n ), 

Since the inclusion relation D is clear, we only need to show that C holds. To this 
end, pick v G u . Then g(u,v) = gijU % v^ = and the latter implies that for each 
representative (ti e ) e of v there exists (n e ) e G N such that 

(9ljuivi)e = (n 6 ) e . 

We may interpret (gfjUl)(j = 1, . . . ,n) as the representatives of the coefficients of 
a vector w with coordinates := gijU % , and u; is free, since m is free and g is non- 
degenerate. Therefore we may employ Lemma 12.241 which yields a representative 
{vl) E of v such that 

(9!j4vi) s = 0. 

This precisely means that there exists a representative (v £ ) e of v such that for each 
e we have v e G . We have thus finished the proof of identity (|2.5p . 

To finish the proof of the claim, that is g(v, v) > 0, we pick a representative 
(u e ) e of f and an Eq G I such that for each e < £0 we have 
(i) each g £ is of Lorentzian signature 
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(ii) u £ is time-like 

(iii) v £ G . 

Note that this choice is possible due to (|2.5p . Further, by the resp. classic result of 
Lorentz geometry (cf. [14] . Lemma 3. 1. 1) we have g £ (v £ ,v £ ) > unless v £ = 0. 
Since (g^vlv 3 e ) £ is a representative of g(v,v) we have achieved the subclaim. □ 

Corollary 2.26. Let uel" 6e time-like. Then it 1 - := {v G R" : (u,v) = 0} 
zs a submodule o/R" and R™ = ({u}) © it -1 . 

Proof. The first statement is obvious. For v G R ra , define the orthogonal 
projection of v onto ({u}) as P u (v) := it. Then one sees that v = P u {v) + (v — 

P„(u)) G ({uD+u- 1 . Finally assume R™ ^ ({u})®^, i.c,3^0,?£ ({u})nu x . 
It follows (£,£) < and due to the preceding proposition £ G u 1 - implies (£,£) > 0. 
Since we have a partial ordering <, this is impossible unless (£, £) = 0. However by 
Lemma 12.201 (P we have £ = 0. This contradicts our assumption and proves that 
R" is the direct sum of u and its orthogonal complement. □ 

The following statement on the Cauchy-Schwarz inequality is a crucial result 
in generalized Lorentz Geometry. It slightly differs from the classical result as is 
shown in Examplc l2.28l However it seems to coincide with the classical inequality in 
physically relevant cases, since algebraic complications which mainly arise from the 
existence of zero divisor in our scalar ring of generalized numbers, presumably are 
not inherent in the latter. Our proof follows the lines of the proof of the analogous 
classic statement in O'Neill's book ([39], chapter 5, Proposition 30, pp. 144): 

Theorem 2.27. (Inverse Cauchy-Schwarz inequality) Let u, v G R™ be time- 
like vectors. Then 

(i) (u,v) 2 > (u,u)(v,v), and 

(ii) equality in {§) holds if u,v are linearly dependent over R*, the units in 

i. 

(iii) Ifu,v are linearly independent, then (u,v) 2 > (u,u)(v,v) . 

Proof. In what follows, we keep the notation of the preceding corollary. Due 
to Corollary |2.261 we may decompose u in a unique way v = au + w with a G R, w G 
u 1 - . Since u is time-like, 

{v, v) = a 2 (u, u) + (w, w) < 0. 

Then 

(2.6) (it, v) 2 = a 2 (u, it) 2 ~ ((u, v) — (w, w))(u, u) > (u, u) (v, v) 

since (w, w) > and this proves jl]). 

In order to prove (jn|), assume it, v are linearly dependent over R*, that is, there 
exist A, fi, both units in R such that An + /id = 0. Then u = —jv and equality in 
(pi]) follows. 

Proof of (pS]) : Assume now, that u,v are linearly independent. We show that this 
implies that ic is free. For the sake of simplicity we assume without loss of generality 
that (it, it) = (v, v) = — 1 and we choose a basis B = {ei, . . . , e n } with e\~u due to 
Proposition ^. 211 Then with respect to the new basis we can write u — (1, 0, . . . , 0)*, 
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v = (v 1 ,...,v n ) t ,w = v-P u (v) = {v 1 -{-g{v,ei)),v 2 , . . . ,v n Y = (0, w 2 , . . . , w n f. 
Assume 3 A ^ : Xw = 0, then 

{Xv^u + Xv = Aw 1 ei — Xg(v, e\)e\ = Aw 1 ei — Aw 1 ei = 

which implies that u, v are linearly dependent. This contradicts the assumption in 
(pS| . Thus w indeed is free. Applying Theorem 12 . 1 71 yields (w,w) > 0. A glance at 
(|2.6|) shows that the proof of ([m|) is finished. □ 

The following example indicates what happens when in 12.271 (|TT|) linear depen- 
dence over the units in K is replaced by linear dependence over K: 

Example 2.28. Let A £ 1 k «n idempotent zero divisor, and write a := [(e) e ]- 
Let j] = diag(— 1, 1 . . . , 1) be the Minkowski metric. Define u — (1,0,..., 0)*, v = 
(l,Aa,0, ...,0)*. Clearly (u,u) = -l,(v,v) = -1 + X 2 a 2 < But 

(u,v) 2 = ljt (u,u)(v,v) = -(-1 + X 2 a 2 ) = 1 - X 2 a 2 . 

However, also the strict relation fails, i. e., (u,v) 2 (u,u)(v,v), since X is a zero 
divisor. 

2.3. Further algebraic properties of finite dimensional modules over the 

ring of generalized numbers 

This section is devoted to a discussion of direct summands of submodules inside 
R™. The question first involves free submodules of arbitrary dimension. However, 
we establish a generalization of Theorem 12.171 (|vii|) not only with respect to the 
dimension of the submodulc; the direct summand we construct is also an orthogo- 
nal complement with respect to a given positive definite symmetric bilinear form. 
Having established this in 12.3.11 we subsequently show that R™ is not semisimplc, 
i. e., non-free submodules in our module do not admit direct summands. 

2.3.1. Direct summands of free submodules. The existence of positive 
bilinear forms on W 1 ensures the existence of direct summands of free submodules 
of R n : 

Theorem 2.29. Any free submodule m ofW 1 has a direct summand. 

PROOF. Denote by m the free submodule in question with dimm = k, let h 
be a positive definite symmetric bilinear form on m and h m its restriction to m. 
Now, due to Lemma \2. 201 (fu|). hm is a positive definite symmetric bilinear form. In 
particular, there exists an orthogonal basis B m := {e\, . . . , e^} of m with respect to 
h m . We further may assume that the latter one is orthonormal. Denote by P m the 
orthogonal projection on m which due to the orthogonality of B m may be written 
in the form 

fc 

P m : R" -»■ m, v h-> ^2(v, ei)ei. 

i=l 

Finally, we show m 1 - = ker P m : 

m x = {v G I™ | V u G m : h(v, u) = 0} = 

= {v€W n \Vi = l,... > k:h(v,e i ) = 0} = 
= {v€M n \P m (v) = 0}=kevP m . 
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Where both of the last equalities are due to the definition of P m and the fact that 
B m is a basis of m. As always in modules, m = kcr P m <=> m is a direct summand 
and we are done. An alternative end of this proof is provided by Lemma 12.201 
Since we have m + tn = M™, we only need to show that this sum is a direct one. 
But Lemma 12.201 fU shows that ^ u E m n m is absurd, since h is positive 
definite. □ 



We thus have also shown (cf. Theorem 12. 17|) : 



COROLLARY 2.30. Let w € K" be free and let h be a positive definite symmetric 
bilinear form. Then R™ = ({w}) © w . 

We therefore have added a further equivalent property to Theorem 12. 171 

2.3.2. R™ is not semisimple. In this section wc show that R™ is not semisim- 
ple. Recall that a module B over a ring R is called simple, if RA ^ {0} and if A 
contains no non-trivial strict submodulcs. For the convenience of the reader, we 
recall the following fact on modules (e. g., see |23j . p. 417): 

Theorem 2.31. The following conditions on a nonzero module A over a ring 
R are equivalent: 

(i) A is the sum of a family of simple submodules. 

(ii) A is the direct sum of a family of simple submodules. 

(iii) For every nonzero element a of A, Ra ^ 0; and every submodule B of A 
is a direct summand (that is, A = B © C for some submodule C . 

Such a module is called semisimple. However, property (P is violated in R™ 



Proposition 2.32. Every submodule A ^ {0} in R™ contains a strict submod- 
ule. 

Proof. Let u G A, u ^ 0. We may write u in terms of the canonical basis 
ei (i = 1, ...,n), u = X)"=i ^i e i an d without loss of generality we may assume 
\i 0. Denote a representative of Ai by (Af) £ . Ai ^ in particular ensures the 
existence of a zero sequence \ in / and an m > such that for all k > 1, 
|AJ fe | > £™. Define D := {e^ \ k > 1} C /, let xd G R be the characteristic function 
on D. Clearly, xdu € A, furthermore, if the submodule generated by xdu is not a 
strict submodule of A, one may replace D by D := {e2k \ k > 1} to achieve one in 
the same way, which however is a strict submodule of A and we are done. □ 

The preceding proposition in conjunction with Theorem 12.311 gives rise to the 
following conclusion: 

COROLLARY 2.33. R™ is not semisimple. 



In this section we elaborate a dominant energy condition in the spirit of Hawk- 
ing and Ellis ( |21j ) for generalized energy tensors. The latter will be constructed 
as tensor products of generalized Riemann metrics derived from a (generalized) 
Lorentzian metric and time-like vector fields. They shall be helpful for an ap- 
plication of the Stokes theorem to generalized energy integrals in the course of 
establishing a (local) existence and uniqueness theorem for the wave equation on 




(n > 1): 



2.4. Energy tensors and a dominant energy condition 
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a generalized space-time (cf. }49| . however ongoing research treats a wide range 
of generalized space-times, cf. chapter [3]). Throughout this section g denotes a 
symmetric bilinear form of Lorcntz signature on R™, and for u,v £ R n we write 
(u, v) := g(u, v). We introduce the notion of a (generalized) Lorentz transformation: 

Definition 2.34. We call a linear map L : R n — > R™ a Lorentz transformation, 
if it preserves the metric, that is 

V£eR n : {L£,Lri) = {£,T)) 

or equivalcntly, 

In the original (classical) setting the following lemma is an exercise in a course 
on relativity [6] : 



Lemma 2.35. Let £,rj £ R™ be time-like unit vectors with the same time- 
orientation. Then 

is a Lorentz transformation with the property L£ = r). 

The following proposition is a crucial ingredient in the subsequent proof of the 
(generalized) dominant energy condition for certain energy tensors of this section: 

Proposition 2.36. Let u,v € R™ be time-like vectors such that (u,v) < 0. 
Then 

hfjtv ■= U(jj,v v ) - -{u,v)g llv 
is a positive definite symmetric bilinear form on R" . 

Proof. Symmetry and bilinearity of h are clear. What would be left is to 
show that the coefficient matrix of h with respect to an arbitrary basis is invertible. 
However, determining the determinant of h is nontrivial. So we proceed by showing 
that for any free w £ R", h(w,w) is strictly positive (thus also deriving the classic 
statement). We may assume (u,u) — (v,v) = — 1; this can be achieved by scaling 
u, v (note that this is due to the fact that for a time-like (resp. space-like) vector 
u, (u, u) is strictly non-zero, thus invertible in R). We may assume we have chosen 
an orthogonal basis B = {ei, . . . , e„} of R n with respect to g, i. e., g{ei, Bj) = EijXi, 
where Ai < ■■• < A„ are the eigenvalues of (g{e,i, Due to Lemma 12.351 

we can treat u, v by means of generalized Lorentz transformations such that both 
vectors appear in the form u = (^-,0,0,0), v = r y(v)(-^-, j^, 0, 0), where 7(1;) = 

^/-g(v,v) = y/i - V 2 > (therefore \V\ < 1). Let w = (w 1 , w 2 , w 3 , w 4 ) £ R™ be 
free (in particular i«/0). Then 

(2.7) h(w,w) := h a bw a w b = (u,w)(v,w) — —{w,w}(u,v}. 

Obviously, (u, w) = — vr, (v, w) = j(v)(— w 1 + Vw 2 ), (u, v) = —j(v). Thus 

h(w, w) = 7 (w)(-w 1 )(-w 1 + Vw 2 ) + ^-(-(w 1 ) 2 + {w 2 ) 2 + {w 3 ) 2 + {w 4 ) 2 ) = 
= -jiv^w 2 + I 7 ( v )(+( w 1 ) 2 + (w 2 ) 2 + (w 3 ) 2 + {w 4 ) 2 ). 
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If Vw 1 w 2 < 0, we are done. If not, replace V by \V\ (—V > —\V\) and rewrite the 

last formula in the following form : 

(2.8) 

h(w,w) > ((\V\iw 1 - w 2 ) 2 + (1 - iVDiw 1 ) 2 + (1 - \V\)(w 2 ) 2 + (w 3 ) 2 + (w*) 2 ) . 

Clearly for the first term on the right side of (12. 8p we have | V {(w 1 — w 2 ) 2 > 0. From 
v is time-like we further deduce 1 - \V\ = > 0. Since w is free we may apply 

TheoremEHl which yields (1 - \VDiw 1 ) 2 + (1 - \V\)(w 2 ) 2 + {w 3 ) 2 + (w 4 ) 2 > 
and thus h(w,w) > due to equation (|2.8I and we are done. □ 

Finally we are prepared to show a dominant energy condition in the style of 
Hawking and Ellis ([21. , pp. 91-93) for a generalized energy tensor. In what follows, 
we use abstract index notation. 

Theorem 2.37. For 9 e R n the energy tensor E ab (9) := (g ac g bd -\g ab g cd )8 c 9 d 
has the following properties 

(i) If £,77 € R™ are time-like vectors with the same orientation, then we have 
for any free 9, E ab (9)£ a i lb > 0. _ 

(ii) Suppose (9,9) is invertible in R. If £ £ K™ is time-like, then n b := 
E ab (9)£ a is time-like and rj a £, a > 0, i. e., r\ is past- oriented with respect 
to £. Conversely, if (9, 9) is a zero divisor, then r\ fails to be time-like. 

PROOF. (0): Define a symmetric bilinear form h ab := (g l - ac g b ) d — \g ab g cd )£,cVd- 
Due to our assumptions on £ and 77, Proposition 12.361 yields that h ab is a positive 
definite symmetric bilinear form. By Theorem 1 2 . 1 71 we conclude that for any free 
9 e R™, h ab 9 a 9 b > 0. It is not hard to check that E ab (9)£, a i lb = h ab 9 a 9 b and 
therefore we have proved ((I]). 

To start with, assume 77 is time-like. Then g(£, 77) = g a b£ a V b = SabC a E(^) ac ^c = 
E ab (9)^ a £,b- That this expression is strictly greater than zero follows from Q, i. e., 
E ab (9)£ ya is past-directed with respect to £ whenever (9,9) is invertible, since the 
latter implies 9 is free. It remains to prove that (77, 77) < 0. A straightforward 
calculation yields 

(77,77) = (E(9)C,E(9)0 = \(9,9) 2 (^). 

Since (9, 9) is invertible and £ is time-like, we conclude that 77 is time-like as well. 
Conversely, if (9, 9) is a zero-divisor, also (E(8)£, E(8)£) clearly is one. Therefore, 
Tj = E(9)£ cannot be time-like, and we are done. □ 

A remark on this statement is in order. A comparison with f [21j . pp. 91-93) 
shows, that our "dominant energy condition" on T ab is stronger, since the vectors 
£, 77 in (JTJ) need not coincide. Furthermore, if in fn]) the condition " (9, 9) is invertible" 
was dropped, then (as in the classical ("smooth") theory) we could conclude that 
77 was not space-like, however, unlike in the smooth theory, this does not imply 77 
to be time- like or null (cf. the short note after Definition 12. 10 1) . 
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2.5. Generalized point value characterizations of generalized 
pseudo-Riemannian metrics and of causality of generalized vector 

fields 

Throughout this section X denotes a paracompact smooth Hausdorff manifold 
of dimension n. Our goal is to give first a point value characterization of generalized 
pseudo-Riemannian metrics. Then we describe causality of generalized vector fields 
on X by means of causality in R n with respect to the bilinear form induced by a 
generalized Lorentzian metric through evaluation on compactly supported points 
(cf. [38]). For a review on the basic definition of generalized sections of vector 
bundles in the sense of M. Kunzinger and R. Steinbauer f |31| ) we refer to the 
introduction. We start by establishing a point-value characterization of generalized 
pseudo-Riemannian metrics with respect to their index: 

Theorem 2.38. Let g G Q^{X) satisfy one (hence all) of the equivalent state- 
ments of Theorem j 6 No. The following are equivalent: 

(i) g has (constant) index j . 

(ii) For each chart (V a ,ip a ) and each x £ (tp a {V a ))^ , g a (x) is a symmetric 
bilinear form on R n with index j . 

PROOF. (0)=>([ii]): Let x e i' a {V a )~ be supported in K CC ip a (V a ) and choose 
a representative (g £ )e of g as in Theorem 11.11 (fmf and Definition 11.21 According 
to Theorem 11.11 . g a (x) : R™ x R™ — > R is symmetric and non-degenerate. So 
it merely remains to prove that the index of g a (x) coincides with the index of g. 
Since x is compactly supported, we may shrink V a to U a such that the latter is 
an open relatively compact subset of X and x € ipa(U a ). By Definition 11.21 there 
exists a symmetric representative (g E ) E of g on U a and an eo such that for all 
£ < £o, 9e is a pseudo-Riemannian metric on U a with constant index v. Let (x E ) e 
be a representative of x lying in U a for each e < £q. Let g e a y be the coordinate 
expression of g e with respect to the chart (U ai ip a )- Then for each e < eo, g e a ijix e ) 
has precisely v negative and n — v positive eigenvalues, therefore due to Definition 
12.81 the class g tj := [{g s a ^ (x e )) e ] G -M„(R) has index v. By Definition 12.111 it 
follows that the respective bilinear form g a (x) induced by (gij)ij with respect to 
the canonical basis of R has index v and we are done. 

To show the converse direction, one may proceed by an indirect proof. Assume the 
contrary to (JTJ) , that is, g has non-constant index v. In view of Definition 1 1 . 21 there 
exists an open, relatively compact chart (V a ,ip a ), a symmetric representative (g e ) e 
of g on V a and a zero sequence Ek in / such that the sequence (vk)k of indices Vk 
of g £k \v a has at least two accumulation points, say a ^ (3. Let {x e ) e lie in ip a (V a ) 
for each e. Therefore the number of negative eigenvalues of {gij)ij ■= {g e a ij{x e ))ij 
is not constant for sufficiently small e, and therefore for x := [(x £ ) e ], the respective 
bilinear form g a (x) induced by (gij)ij with respect to the canonical basis of R has 
no index and we are done. □ 

Before we go on to define the notion of causality of vector fields with respect to a 
generalized metric of Lorentz signature, we introduce the notion of strict positivity 
of functions (in analogy with strict positivity of generalized numbers, cf. section 

Definition 2.39. A function / g Q{X) is called strictly positive in G(X) 7 if 
for any compact subset K C X there exists some representative (/ £ ) e of / such 
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that for some (m, eo) G R x I we have V e € (0, £q] : mf xe K |/e(^)| > £ m - We write 
/ > 0. / e Q{X) is called strictly negative in G(X), if -/ > on X. 

If / > on X, it follows that the condition from above holds for any represen- 
tative. Also, / > implies that / is invertible (cf. Theorem 12.461 below). Before 
giving the main result of this section, we have to characterize strict positivity (or 
negativity) of generalized functions by strict positivity (or negativity) in R. De- 
note by X~ the set of compactly supported points on X. Suitable modifications of 
point-wise characterizations of generalized functions (as Theorem 2. 4 in |38j . pp. 
150) or of point- wise characterizations of positivity (e. g., Proposition 3. 4 in ( |35j . 
p. 5) as well, yield: 

Proposition 2.40. For any element f in Q{X) we have: 

/>0oVJGl c ~: f(x) > 0. 

Now we have the appropriate machinery at hand to characterize causality of 
generalized vector fields: 

Theorem 2.41. Let £ e Gq{X), 9 e G^iX) be a Lorentzian metric. The 
following are equivalent: 

(i) For each chart (V a ,tjj a ) and each x € (ipa(V a ))~ , £q(x) € R™ is time-like 
(resp. space-like, resp. null) with respect to g a (x) (a symmetric bilinear 
form on R" of Lorentz signature). 

(ii) g(€,0 < (resp. > 0, resp. = 0) in G(X). 

PROOF. |II|^> Vie X~ : £)(x) < (due to the preceding proposition) 
for each chart (V a ,ip a ) and for all x c € tp a (V a )c '■ 9a{x){£,a(x), £a(x)) < in R 
©. □ 

The preceding theorem gives rise to the following definition: 

Definition 2.42. A generalized vector field £ € Go {X) is called time-like (resp. 
space-like, resp. null) if it satisfies one of the respective equivalent statements of 
Theorem 12.411 Moreover, two time-like vector fields £,77 are said to have the same 
time orientation, if (£,77) < 0. Due to the above, this notion is consistent with the 
point-wise one given in 12. 161 

We conclude this section by harvesting constructions of generalized pseudo- 
Ricmannian metrics by means of point-wise results of the preceding section in con- 
junction with the point-wise characterizations of the global objects of this chapter: 

Theorem 2.43. Let g be a generalized Lorentzian metric and let £,77 £ G${X) 
be time-like vector fields with the same time orientation. Then 

Kb ■= S,(aVb) - ^(£,,V)9ab 

is a generalized Riemannian metric. 



PROOF. Use Proposition 12.361 together with Theorem [2.411 and Theorem [2.381 

□ 
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2.6. Appendix. Invertibility and strict positivity in generalized 
function algebras revisited 

This section is devoted to elaborating a new characterization of invertibility as 
well as of strict positivity of generalized numbers resp. functions. The first inves- 
tigation on which many works in this field are based was done by M. Kunzingcr 
and R. Steinbauer in [31j ; the authors of the latter work established the fact that 
invertible generalized numbers are precisely such for which the modulus of any rep- 
resentative is bounded from below by a fixed power of the smoothing parameter 
(cf. the proposition below). It is, however, remarkable, that (as the following state- 
ment shows) component-wise invertibility suffices: We here show that a number is 
invertible if each component of any representative is invertible for sufficiently small 
smoothing parameter. 

Proposition 2.44. Let 7 G K. The following are equivalent: 

(i) 7 is invertible. 

(ii) 7 is strictly nonzero, that is: for some (hence any) representative (7 £ ) £ 
of 7 there exists a too and a Sq € I such that for each e < £q we have 
\le\>e m °. 

(iii) For each representative (7 e ) e 0/7 there exists some Eq G I such that for 
all e < £0 we have a e 7^ 0. 

(iv) I7I is strictly positive. 

PROOF. Since (0) ^ by ([31], Theorem 1.2.38) and (Q) <S> Jiv| follows from 
the definition of strict positivity, we only need to establish the equivalence (jn} 
(jm|l in order to complete proof. As the reader can easily verify, the definition of 
strictly non-zero is independent of the representative, that is for each representative 
(7e) e of 7 we have some too and some Eq such that for all e < Eq we have |7 e | > e m °. 
By this consideration (jlu|) follows from (jTTJ) . In order to show the converse direction, 
we proceed by an indirect argument. Assume there exists some representative (7 £ ) £ 
of 7 such that for some zero sequence £k — > (fc — > 00) we have |7 £fe | < e\ for each 
k > 0. Define a moderate net (ff £ )e m the following way: 

„ , = fo if s = e k 
1 7 £ otherwise 

It can then easily be seen that (7 £ ) £ — (7 £ ) £ € Af(M.) which means that (7 £ ) £ is a 
representative of 7 as well. However the latter violates (jm|) and we are done. □ 

Analogously we can characterize the strict order relation on the generalized 
real numbers: 

Proposition 2.45. Let 7 e E. The following are equivalent: 

(i) 7 is strictly positive, that is: for some (hence any) representative ("f e )e 
of 7 there exists an Too and an Eq G / such that for each e < £q we have 
7 £ > £ mo . 

(ii) 7 is strictly nonzero and has a representative {"f e )e which is positive for 
each index e > 0. 

(iii) For each representative (7 £ ) £ 0/7 there exists some Eq G I such that for 
all e < Eq we have a £ > 0. 
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The statement can be shown in a similar manner as the the preceding one. 

Next, we may note that the above has an immediate generalization to gener- 
alized functions. Here X denotes a paracompact, smooth Hausdorff manifold of 
dimension n. 

Theorem 2.46. Let u € Q(X). The following are equivalent: 

(i) u is invertible (resp. strictly positive). 

(ii) For each representative {u £ ) £ of u and each compact set K in X there 
exists some sq £ I and some mo such that for all e < £o we have 
mf xeK \u e \ > e m ° (resp. mi xeK u £ > e m °). 

(hi) For each representative (u B ) £ of u and each compact set K in X there 
exists some Eo £ I such that V x € K V e < Eq : u £ ^ (resp. u £ > 0). 

Proof. We only show that the characterization of invertibility holds, the rest 
of the statement is then clear. Since JI|<^((iT| due to ( |31j . Proposition 2.1) we only 
need to establish the equivalence of the third statement. Since (|uT)^ (fm| is evident, 
we finish the proof by showing the converse direction. Assume (p} docs not hold, 
then there exists a compactly supported sequence (xk)k S A N such that for some 
representative (u £ ) £ of u we have |u £fc (a;fc)| < e\ for each k. Similarly to the proof 
of Proposition [2~44l wc observe that (u £ ) £ defined as 



yields another representative of u which, however, violates (JTTTJ) and we are done. □ 
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CHAPTER 3 



The wave equation on singular space-times 



We are interested in a local existence and uniqueness result for the scalar wave 
equation on a generalized four dimensional space-time (M , g) , the Lorentzian metric 
g being modeled as a symmetric generalized tensor field g £ G^i-M) with index 
v=l. 

As usual the d'Alembertian □ is defined by 

□ := V a V a := ,9 ab V a V b 

where V denotes the covariant derivative induced by g. The appropriate initial value 
problem for the wave equation shall be formulated as soon as we have introduced 
the specific class of generalized metrics subject to our discussion. 

3.1. Preliminaries 

To start with, we collect some basic material from (smooth) Lorentzian ge- 
ometry and fix some notation. Throughout this section, (M,g) denotes a smooth 
space-time. We follow the convention that the signature of g is (— , +, +, +). The 
(quite standard) constructions revisited in the subsections I3.1.1| 13.1.21 below have 
suitable generalizations in the Colombeau setting; these are established in chapter 

HI 

3.1.1. Constructions of Riemannian metrics from Lorentzian metrics. 

The final results in the end of this section involve point-wise arguments. Therefore, 
we start by recalling elementary results from four-dimensional Minkowski space- 
time (M, r]^) (where n = diag(— 1, 1, 1, 1) and M = R 4 ). Following the convention 
concerning the signature of the Lorentzian metric, we have the following conventions 
on causality (using the notation (£, ?;) := g a b£, a V b ) : A vector £ e M is called 

(i) time-like, if < 0, 

(ii) space-like, if (£, £) > and 

(iii) null, if (£, = 0. 

It should be noted that we follow the convention that £ = is defined to be a null 
vector. To begin with we show: 

Lemma 3.1. Let u, v be time-like vectors in (M, rj^) such that (u, u) = (v, v) = 
— 1 and (u,v) < (that is, u and v have the same time- orientation). Then the 
following statements hold: 

1 - (u, v) 

is a Lorentz Transformation, meaning 
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and has the property Lu = v. 

Proof. The first part of the statement is shown by means of simple algebraic 
manipulations: 

LtL^x = 

(5 - wu* + ^rfo^ ) - ^ + ^sro - 

77^ - 2« v «p + ^i^fe^ - ^v p u v + A(v, v)u„u p + 

( — 2{u,v)Uv—2(v,v)u u )(u p +Vp) , (Up+Dp)(<l|/ + Di.) 1 

' l-(M,tl) ' 

( — 2(u,v) u p ~ 2 Up) (Mi^+Uy) _|_ ({u,u) + (u,v) + {u,v) + (v,v))(u v +v v )(u p +v p ) _ 
l-(u,v) + (l-{u,v)) 2 ~ 

7]„p — 2v v u p — 2v p u v — Au v u p + 2u u {u p + v p ) + 2u p {u v + v v ) = 

The other claim is obtained by a further calculation: 

(3.1) L(X = ^-2v^u,u)+ ^ + V ^ {u ; u) + M) = 

1 - (u,v) 

= u* + 2V* - u* - v* = 
that is, Lu = v and we are done. □ 

Constructions of Riemannian metrics by means of Lorentzian metrics and time- 
like vector fields will be used later on. Here is the result in full generality (we will 
also use simpler constructions, where u = v, cf. the corollary below): 

Lemma 3.2. Let u, v be time-like vectors in (M, rj) with the same time- orientation. 
Then 

Kb '■= u (aV b ) ~ ^(u,v)T]ab 

is a symmetric positive definite bilinear form on M. 
Proof. Step 1. 

By scaling u, v appropriately it can be seen that we may assume without loss of 
generality that u 2 = v 2 = — 1 and that u, v lie in the future light cone. 
Step 2. 

By the preceding lemma, the Lorentz group acts transitively on the future light 
cone. Therefore, there exists a Lorentz transformation L\ such that u := L\u = 
(1, 0, 0, 0) and we set v := L\v. By means of a rotation L2 of the space coordinates 
it can further be achieved that u := L2U = (1,0,0,0) and ii := L2V = L2L1V = 
7(y)(l, F, 0,0) with 1 {V) = {l-V 2 )- 1 ' 2 , \V\ < 1. 
Step 3. 

We denote by L := L^L\ the composition of the two Lorentz transformations Li, L2. 
With this notation we have by the above, u = Lu, v = Lv. Since is evidently 
a symmetric bilinear form, we only need to show that for each non-zero vector w, 
we have h uv (w,w) > 0. Since for w := Lw, h uv (w,w) = h uv (w,w), and since 
L is a linear isomorphism, it therefore suffices to show that for each non-zero w, 
h M (w,w) > 0. Let w = (w\u; 2 ,u; 3 ,u; 4 ) G M, w ^ and set h = h m . Then we 
have 

h(w,w) := h a t,w a w b = (u,w){v,w) — — (w,w)(u,v). 
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Obviously, (u,w) = — w , (v,w) = 7(V)(— w 1 + Vw 2 ), (u,v) = —y{V). Thus 
h(w,w) = 7 (^)(-w 1 )(-w 1 + Vw 2 ) + ^{V){-(w 1 ) 2 + {w 2 ) 2 + {w 3 ) 2 + {w 4 ) 2 ) 

= -J^VW 1 ™ 2 + I 7 (y)( + ( W 1 ) 2 + ( W 2 ) 2 + (w 3 ) 2 + ( W 4 ) 2 ) 

If Vw 1 w 2 < 0, then we are done. Otherwise Vw 1 w 2 = | Vj jit? 1 [j*to 2 | < | w 1 1 < 

l 1 \ 2 _L f 2 t 2 

(w ) +(w ) ^ ];, ecausc f |]/| < \ anc | Vw 1 w 2 ^ 0. Inserting this information into 
the latter equation yields 

h{w,w) = ~ 1 {V)Vw 1 w 2 + ]^ 1 {V){+{w 1 ) 2 + {w 2 f + {w^) 2 + {w 4 ) 2 ) > 

> ll(V)(( W 3 ) 2 + (wr)>0, 
i. e. h(w, w) > and we are done. □ 
An immediate corollary is: 

COROLLARY 3.3. Let (M, g) be a smooth space-time. Let £, r\ be time-like vector 
fields on (A4,g) with the same time orientation. Then h ab := £( f?6) ~ ^(^j^dab 
is a Riemannian metric on A4. As a consequence we have: if 9 is a time-like unit 
vector field, then also k a b := g a b + 29 a 9 b is a Riemannian metric. 

Proof. Let p £ M and choose a local chart (U, £) 5 p such that the coordinate 
expression of g is Minkowskian at p. Then we are in the setting of Lemma 13. 2\ 
according to which h a b is a positive definite bilinear form at p. Furthermore h ab is 
smooth, since £, i] and g are. 

To prove the second assertion, we set £ = rj = 6. Due to the first claim, 
k ab = 2(£( a r?b) — ??)<7ab) = gab + 29 a 9 b is a Riemannian metric, and we are 
done. □ 

A remark on the Riemannian metric constructed above is in order. The first 
observation is, that in general h ab := 2{S} a -q b ^ — \{£,,ri)g ab ) is not the inverse of 
h ab = 2(^ a r]b) — \(£,,ri)g a b) as defined in the preceding corollary, but just the 
metric equivalent covariant tensor. However, if £ = r), then it is the case! For the 
sake of simplicity, we assume (0, 9) = — 1. Then we have k ab = 2h ab = g ab + 29 a 9 bl 
and similarly, k bc = 2h bc = g bc + 29 b 9 c . Therefore we obtain 

(3.2) k ab k bc = {g ab + 29 a 9 b ){g bc + 29 b 9 c ) = 5 c a + 29 a 9 c + 29 a 9 c - A9 a 9 c = 5 c a , 

and we have shown the assertion. 

We shall make use of such metric constructions in the definition of certain 
energy integrals (cf. section T3.6p . However, in order to entirely understand their 
structure we investigate further in energy tensors and certain positivity statements, 
which in the physics literature are referred to as "dominant energy condition(s)" : 

3.1.2. Energy tensors and dominant energy condition. Let (M,g) be a 
smooth space-time. The statement of this section are to be understood point-wise. 
We start to revisit a notion of ( |21j . pp. 90). 

Definition 3.4. A symmetric tensor T ab is said to satisfy the dominant energy 
condition if for every time like vector £ a , ij b := T afc £ a is not space- like and if further 
T ab Ub > 0. 
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A remark on this is in order: The condition T ab £ a £& > implies that the non- 
space like vector —rf = — T ab £ a has the same time-orientation as £ a . This follows 
from 

-r,% = -T ab Ub < 0, 
that is —rf) < 0, which is equivalent to saying that £, — r\ have the same time- 
orientation. 

A consequence of the dominant energy condition is the following 

Lemma 3.5. Let T ab be a symmetric tensor satisfying the dominant energy 
condition. Then for any time-like vectors £, a ,rj b with the same time- orientation, we 
have T ab ^ a i]b > 0. 

Proof. By the dominant energy condition, 9 b := T ab ^ a is time-like or null, 
and — 9 a has the same time-orientation as £ a , that is gab£, a {—0 b ) < 0. Therefore, 
by assumption, —6 b also has the same time-orientation as rf . As a consequence we 
have 

-T ah Lm = 9abV a (-0 b ) < o, 

and we are done. □ 

Following J. Vickers and J. Wilson ( [49] ) we define a class of (symmetric) energy 
tensors T ab,k . Let e ab be a Riemannian metric with e ab its inverse, let W ai ... ak be 
an arbitrary tensor of type (0, k), k > and let £ a , rj b be time- like vectors with the 
same time-orientation. We define for k = 

T ab -°(W) := -^g ab W 2 , 

and for k > 1, we set 

T ab > k (W) := (fj M -^Y)e p " 1 -e w - 1,l -W (fI , Pl ,%.., k _ 1 . 

Then we have the following: 

PROPOSITION 3.6. For each k > 0, T ab ' k {W) is a symmetric tensor which 
satisfies the dominant energy condition. 

Proof. The case k = is trivial. Hence we start with k = 1. We have 

v b ■■= (g ac g bd - \g ab g cd )^w c w d = (f 5 bd - ^ b g cd )w c w d = 

= £ c W c W b - -£ h w d w d = 
= W{£)W h -^ b (W,W). 



From this we obtain 

g(v, v) = v b vb = (w(£)w b - ^ b (w, w))(w(0w b - w)) = 
= \(t;,0(w,w) 2 <o, 

where the last inequality holds because £ a is time-like. We have therefore shown 
that rj b = T ab,1 £ a is time-like or null. It remains to show that the time-orientation 
of — rf is the same as the one of £ a : 

T abA (W)Ub = {(g ac g bd - \g ab g cd )Ub}W c W d = Z c W c £, d W d - \eLW b W b . 
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Due to Corollary 13. 3( 

{(g ac g bd - \g ah g cd )U b } = H c d d - l(tOg cd 

is a Riemannian metric, therefore, 

T ab ^(W)Ut >0 

and we are done with the case k = 1. 

We reduce the proof for higher orders k > 1 to the case k = 1. To this end, fix 
p E M and let B := {bi, . . . , 64} be an orthonormal basis of (T p M)* with respect 
to e ab . With respect to this basis T ab ' k (W) reads 

T^(W) : = (<r.g bd - \g ah g cd W^ . . . S^-^W cpi ... Pk _ 1 W dqi .„ qk _ 1 = 
Pl...pfc-1 

Now for each tupel (pi, . . . ,Pfc— 1) we have as in the case k = 1, 

GTS* ~ ^ a V d )Wcp 1 ... Pfc _ 1 W d p 1 ...p ii _ i eaC6 > 0. 

Therefore, by summing over all these indices, we have 

It remains to show that T ah ' k (W)^ a is time-like or null, supposing that £ Q is time- 
like. To show this, we use the following property of the light cone: For each 
A, [i > 0, A + fx > and each v a ,w a in the future (resp. past) light cone, also 
Xv a + nw a lies in the future (resp. past) light cone. 

Again, we may reduce to the case k = 1, and see that for each tuple (pi, . . . ,Pk-i), 

lies in the same light cone as £ a . Therefore, by the convexity property of the light 
cone, also the sum over all such indices does, that is, 



-T ah ' k {W)i a = 



-ft b 

u pi,..., P k-l 

P l...pk-l 



is time-like or null, and we are done. □ 



As a consequence of Lemma 13.51 and Proposition 13. 6( we have for all time-like 
vectors with the same time-orientation, 

T ab ' k (W)CaVb > 0. 

This also may be concluded by directly applying Corollary 13.31 by means of which 
we have the even stronger result: 

COROLLARY 3.7. For each non-zero tensor Wa^ ah , and for all time-like vec- 
tors £, a ,r] b with the same time- orientation, we have 

(3.3) T ab > k {W)t a n b > 
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Proof. By corollary I3T3| 

is a Riemannian metric. Therefore, h cd e Piqi . . . e Pk - iqk - 1 is a Ricmannian metric 
on ®* =1 (TM) *as well, and since W ^ 0, we have 

T ab - k (W)£ aVb = h cd e^ . . . eP"-^W cpi ... Pk ^ 1 W dqi ... qk _ 1 > 

and we have shown the claim. □ 

Finally, we mention that the dominant energy condition has recently been gen- 
eralized to a so-called super energy condition on super-energy tensors (cf. |45j ). 

3.1.3. The d'Alembertian in local coordinates. The aim of this section 
is to justify the coordinate form of the d'Alembertian. 

Lemma 3.8. Let g be a smooth Lorentzian metric. In local coordinates (x l ) 
(i = 1, . . . , 4), the d'Alembertian takes the form 

(3.4) Du=\g\-id i (\g\h ij d j u). 

Proof. Let U be the domain of the coordinate chart system £ = (x 1 , . . . , x 4 ). 
By ( [39] . Lemma 19, p. 195), there exists a volume Element ui on U such that 

(3.5) W (5 1 ,...,9 4 ) = |3|^ 

(the proof essentially uses local orthogonal frame fields). A further fact ([39], 
Lemma 21, p. 195) is that for any local volume element u on M we have 

(3.6) (L^(j)bcde = (V a^Ubede 

We claim that the divergence of £ can be decomposed in the following way: 

(3.7) v a c° = iffr*0 a (| fl |*e*)- 

Assuming that this identity holds, we may set £ a := V a u and derive 

Du = W a (W a u) = \g\~* d a (\g\$V a u) = 

= til'"* d a (\g\^g ab V b u) = 

= \g\-~* d a {\g\-*g ab d b u) 

and we have proved the lemma. In order to show the subclaim, we calculate the 
left and right hand side of (|3.7p separately. We make use of (|3.6j) and the fact 
that, since we are dealing with a 4-form u>, it is sufficient to evaluate the formula 
at (<9i, . . . , 9 4 ) only: the right side of (]3.6p yields by means of (|3.5D 

(3.8) (v a rMdi,...,d 4 ) = M^v a r. 

The left side of ^ yields: 

(3.9) C(U){dx,...,d^ = 
Ce(w(di, . . . ,<9 4 )) -^w(<9i, . . . . . ,<9 4 ). 



Now we have 

(3.10) C& = [£, di] = di] = J2(C9A ditfdj)) = Y^uK^UK. 
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By p.5p and (|3.10p we therefore obtain 



(3.11) £,^(d l7 ...,d 4 ) 



^(Isl^ + EA^i,---,^,...,^) 




Since (|3. 1 ip = (|3.8|) because of (|3.6p we have succeeded to show (jXTJ) and we are 



3.1.4. General Lorentzian metrics in suitable coordinates. For com- 
putational purposes it is advisable to find coordinates in which the metric has a 
special form, such that calculations can be carried out more easily. In this section 
we first recall what a metric looks like in Gaussian normal coordinates, and we fin- 
ish by showing that in suitable coordinates a static metric can be written without 
(t, x M )-cross terms. At the end of section (|3.3.3p we shall return to this topic from 
a generalized point of view. 

Theorem 3.9. Let E be a three dimensional space-like manifold. Any point 
p G E has a neighborhood such that in Gaussian normal coordinates, the Lorentzian 
metric g on M locally takes the form 



that is, without (t,x fJ ')-cross terms (here the variables in Greek letters are ranging 
between 1 and 3, therefore x a denote the space-variables, whereas x° = t is the time 
variable). Lt can further be achieved that V 2 = 1. 

Proof. For the proof of this statement we follow the lines of f[50j. pp. 42-43). 
A proof for the respective statement in a more general context can be found in 
([39], pp. 199-200, Lemma 25). Since E is space-like, the normal n a is time-like 
at each point of E. Fix p G E and assume n a (initially only defined on E) is 
extended to a gcodesically convex neighborhood U of p. Through each point q G U 
we construct the unique geodesic J q (t) with j q (t = 0) = n a (q). We may now label 
each q G UD E by coordinates x M (fi = 1, 2, 3), and choose t as the parameter along 
the geodesic j q (t). Then (U, (t(q),x fJ -(qj) is a local chart at p, and d t \t=o = ^ a |sn(7- 
From n a _L g E it follows that the {t, x^) cross-terms go^ of the metric vanish at 
t = 0, since go^t = 0,x M ) = g(dt, <9 M )|t=o- Moreover, since parallel transport is an 
isometry, we have that g(d t , <9 M ) = on all of U. We have thus proved (|3.12p . Since 
n a is time-like, we can normalize it by the condition g a bn a n b = — 1, and therefore 
it can even be achieved that V 2 = 1. This completes the proof of the theorem. □ 

Next, wc define certain space-time symmetries: 

Definition 3.10. A space-time (A4,g) is called stationary, if there exists a 
time-like vector field £ a such that V( a £ a ) = 0. This is equivalent to C^g — 0. £ a is 
called a time-like Killing vector. 

A stationary space-time (M, g) with time-like Killing vector £ a is called static, 
if £ a is hypersurface-orthogonal, that is, through each point p there is a three 
dimensional space-like hypersurface E such that £ a is orthogonal to E. 



done with the subclaim. 



□ 



(3.12) 



ds 2 = -V 2 {t,x 1 )dt 2 + g af) (t,x~t)dx a dx , 
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In general, the coefficients — V 2 , g a p in (|3.12p which determine the metric via 
Theorem 13. 9[ are not independent of the time t. However, if g is a static space 
time, we have (for a proof cf. the respective statement in the generalized setting, 
I3~16l) : 

Theorem 3.11. A static space-time (M,g) can locally be written as 

(3.13) als 2 = -V 2 {x"<)dt 2 + g af3 {x r )dx a dxl 3 . 

Such coordinates we call static coordinates throughout. As a consequence of 
the preceding theorem, we see that the d'Alembertian takes a quite simple form in 
static coordinates: 

Proposition 3.12. Let (M.,g) be a static space-time. Let V,g a /3 be the coeffi- 
cients of g in static coordinates as given in Theorem \3.11\ Then the d'Alembertian 
takes the following form: 

(3.14) Uu = -V- 2 d 2 u + \g\-^ 2 d a (isl^y^) u. 

Proof. This follows basically from Lemma [3.81 and Theorem 13.111 in static 
coordinates the time derivatives dtg a b vanish, and the (t,x M ) cross terms of the 
metric vanish as well. As a consequence, we have d t V~ 2 = 0, d t g af} = 0, d t \g\ = 0, 
and we are done. □ 

3.1.5. The wave equation on a smooth space-time. We begin with re- 
calling causality notions. Let (A4,g) be a smooth time-orientable space time. For 
a point q in M, we call D + (q) the future dependence domain of q, that is the set of 
all points p which can be reached by future directed time-like geodesies through p. 
Furthermore, for a set S, D + (S) := {J qeS D + (q) is the future emission of S. The 

closure of the latter is denoted by J + (S) := D+(S). Reversing the time-orientation, 
we may similarly define D~(q), D~(S) and J~(S). 

A set S is called past-compact if the intersection SP\J~ (q) is compact for each 
q E S. 

Let S be a relatively compact three dimensional space-like submanifold and let 
£ be a time like vector field. In the smooth setting, local smooth solutions for the 
initial value problem 

□u = / 

(3.15) u\ s = v 

V a (aU\ S =W 

are guaranteed to exist by the following theorem ( |14j . Theorem 5.3.2): 

Theorem 3.13. Let S be a past-compact space-like hyper surf ace, such that 
dJ + {S) = S. Suppose that f is C°° and that C°° Cauchy data v,w are given 
on S. Then the Cauchy problem \S.15\) has a unique solution in J + (S) such that 

ueC°°(J + (S)). 

3.1.6. Leray forms. This section is dedicated to recalling how to decompose 
volume integrals inside a foliated domain. 

Suppose (M. , (?) is a smooth space-time. Denote by fi the volume form induced 
by g (as mentioned above in the proof of Lcmma l3.8p : in coordinates we may write 
as \i = \g \ 2 dt A dx 1 • • ■ A dx 3 , with \g\, the absolute value of the determinant of g 
(that is \g\ = -g). 
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Let n be an open domain in A4, and let S be in C°°(0) with dS 7^ on fi. 
Choose coordinates x l (i = 0, . . . , 3) such that S = t := .t°. By ( |14j . Lemma 2.9.2), 
we may decompose /j, as 

/a = dS A /is, 

with a 3— form /is and the restriction of /is on «SV := {(t, x^t = t} is unique. We 
shall write fJ.s\s T ='■ I^t- More explicitly, we have 

p T = {g^dx 1 A dx 2 A da; 3 . 

A consequence of Fubini's theorem in this setting is ( |14j . Lemma 2.9.3): Any 
locally intcgrablc function ip with compact support in Q may be integrated as 
follows 



(3.16) 




3.1.7. Foliations and integration. In this section we show in which way we 
shall integrate energy integrals subsequently. 

In particular we discuss aspects of integration and local foliations of compact 
subrcgions of space-time which will be tailored to our needs in such a way that 
Stokes' theorem can be applied in a convenient way. This will be needed later on 
when we derive estimates for an infinite hierarchy of (generalized) energy integrals. 
We point out that the setting of this section is still the smooth one; this, however, 
is sufficient for displaying the concepts which will finally be used in the generalized 
setting . 

From now on we shall suppose that the given space-time (M , g) has the follow- 
ing feature: Each point p on a a given initial space-like surface £ admits a region 
f2 with p G fl space-like boundary S and So, with Sq := E n O (cf. figure 1. Note 
that is not a neighborhood of p in the usual topology). We call such a region 
semi-neighborhood of p. Furthermore, we assume that £1 lies entirely in a region of 
space-time which can be foliated by three dimensional space-like hypcrsurfaces E r 
meaning that there exists a coordinate system (i, x^) such that 

£ T :={(t,0|t = T)}. 

Furthermore, £ = E T= o and we define S T := E r n f2. 

Let 7 > 0. We shall integrate over the compact region f2 7 which is the part of 
f2 which lies between Eo and E 7 . 

Therefore, the boundary of f2 7 is given by So, S 7 and Sn ;7 := Snfi 7 (cf. Figure 
13.1.71 note that the boundary is space- like throughout). 

At the end of the present section we shall prove that in static space-times (A4 , g) 
any point p in E, (the local space- like manifold through p orthogonal to the given 
symmetry £ a ) admits such a semi-neighborhood f2, and in a subsequent section we 
establish an analogous result for generalized static space-times. Finally, we show 
how to use this to integrate energies. 

Assume T ab , a symmetric tensor-field of type (2,0) is given, which satisfies the 
dominant energy condition. Let £ a be a time-like Killing vector field, and let E t 
be orthogonal to We denote by n a the unit normal vector field to Sn n . Let /1 
be the volume element induced by the metric. We seek to calculate the following 
integral on 7 : 

(3.17) / £fcV a T a y 
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Figure 1 . Local foliation of space-time 



First, we apply Stokes's theorem in the following fashion (cf. Wald, pp. 432-434): 

Theorem 3.14. Let N be an n-dimensional compact oriented manifold with 
boundary ON , [i the natural volume element induced by the metric g, and /xoat the 
respective surface form on dN. Assume dN is nowhere null. Let further v a G X{M) 
and denote by n a the unit normal to dN (that is g ab n a nb = ±1 ). Then we have: 



N JdN 

In the present setting, the boundaries of Q 7 are So,S-y with time-like normal 
£ a , the Killing vector, and <Ssi, 7 with normal n a . In general, £ is not a unit vector 
field. Denote therefore by £ := , I the respective unit vector field. Since £ a 

is a Killing vector and T ab is symmetric, we have: 

V b (T ab £ a ) = UV b T ab ) + T ab W b ^a = UV a T ab ) + T^V^a] = 6(V a T ah ) + 0. 

The integral (|3.17|) can therefore be decomposed in the following way by Stokes's 

Theorem: 

(3.18) 

/ V 6 (T o6 £ a ) M = / &V„T°V = [ T ab U b ^-[ T ab Ub^+f T ab ^ a n b ^ Snn . 

However, since T satisfies the dominant energy condition, we have by Lemma l3.5l 

T ab £ a n bf i Snn > 0. 



Using this fact we conclude by means of (|3.18j) that 

(3.19) / T ab Ub^ < f T ab UbVo + [ 6V a T a V- 

JSj JSq Jn-, 

3.2. Description of the method 

We are going to prove an existence and uniqueness theorem for the scalar wave 
equation in Q{M.) following the method of J. Vickers and J. Wilson ([49]) developed 



3.3. THE ASSUMPTIONS 



43 



in the context of conical space times. Hence we generalize the result in ( |49j ) from 
conical space times to generalized static space times. The program is as follows: 

(i) We start with specifying the ingredients of the theorem; these are in 
particular the 

(a) assumptions on the generalized Lorcntzian metric in terms of a cer- 
tain asymptotic growth behavior of the representatives. The metric 
is designed for admitting local foliations of space-time by space-like 
hypersurfaces. 

(b) Energy integrals and Sobolcv norms are introduced. 

(ii) Part A of the proof establishes that energy integrals (on the three- 
dimensional submanifolds S T ) and the three-dimensional Sobolcv norms 
as defined below are equivalent. This enables us to work with energies of 
arbitrary order instead of Sobolev norms. 

(iii) Part B is devoted to providing moderate bounds on initial energies via 
moderate bounds on the initial data. 

(iv) In part C we plug in the information from the wave equation into the 
energy integrals in order to derive an energy inequality. 

(v) Part D employs Gronwall's Lemma and shows that, if the initial energies 
of all orders are moderate nets of real numbers, then the same holds for 
all energies for all times < r < 7. 

(vi) Part E employs the Sobolev embedding theorem to show that the desired 
asymptotic growth properties of the solutions and their derivatives follow 
from the respective growth of energies of all orders. 

(vii) In Part F, an existence and uniqueness result is achieved by putting the 
pieces A, B, C, D and E of the puzzle together. 

(viii) In Part G we show that the solution is independent of the choice of 
(symmetric) representatives of the metric. 

It should be mentioned that Part A of the method is the crucial part (the appro- 
priate statement is lemma 1 in [49]); the rest of the proof of the main theorem 
basically follows the lines of |49j . however, with a few modifications. Instead of 
using a pseudo-foliation as Vickers and Wilson (the three dimensional submani- 
folds intersect in a two dimensional submanifold of space-time) we use the natural 
foliation S T := {< = t} stemming from the static coordinates. Furthermore, for 
the purpose of integration, we make use of the fact that the tensor-fields T£ b (it) 
satisfy the dominant energy condition. As a consequence of the chosen foliation, 
we do not need to deal with improper integrals, as has been done in [49j . 



3.3. The assumptions 

3.3.1. Introduction. Generalized static space-times. We begin with in- 
troducing a generalized static space-time. 

Definition 3.15. Let g e G^i-M) be a generalized Lorentz metric on M. We 
say (Ai,g) is static if the following two conditions are satisfied: 

(i) (A4 , 5) is stationary, that is, there exists a smooth time- like vector field 
£ such that V( £f>) = 0; this vector field we call Killing as in the smooth 
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setting and the one parameter group of isometries generated by the 
flow of £ we denote by 4>t ■ Following the new concept of causality in this 
generalized setting (Definition I2.16p . £ time-like means that is a 

strictly negative generalized function on A4 (cf. Definition 12. 42[) . 
(ii) There is a three dimensional space-like hypcrsurface E through each point 
of A4 which is orthogonal to the orbits of the symmetry. 

An important observation is the following: 

Theorem 3.16. Let (M,g) be a generalized static space time. Then for each 
point p G Li there exist a relatively compact open local coordinate chart (U, (t, x^)), 
p G U , such that for each e > the generalized line element takes the form 

(3.20) ds\ = -Vfix 1 , x 2 , x 3 )dt 2 + h^x 1 , x 2 , x 3 )dx»dx v = g e ab dx a dx b 

where (g e )e is a suitable symmetric representative of g. Also in this setting we 
call the respective coordinates static. Further, V 2 (x 1 , x 2 , x 3 ) is a strictly positive 
function, and h fll/ (x ,x ,x ) is a generalized Riemannian metric on U . 

Proof. On a relatively compact open neighborhood of p we pick a symmetric 
representative (g s ) s of g such that on for each e > 0, g £ is Lorentz (cf. Definition 
11.21 and Theorem ll.il (|m|) ). Further, denote by V £ the covariant derivative induced 
by the metric g e . To show the claim we proceed in two steps. 
Step 1. As in the standard setting, an algebraic manipulation shows the equivalence 

(3.21) C i9ab = V (o &) = 0. 

Let p £ M. lie in a relatively compact neighborhood Q of E which can be reached 
by unique orbits of £ a through S. Choose arbitrary coordinates £ M labeling E and 
let t be the Killing parameter. Then {t,x^) are local coordinates near p0. In view 
of the above equivalence (|3.21[) we have a negligible symmetric tensor field (n e ab ) e 
on Q, such that 

Since Q is relatively compact, we may replace g e ab {t, x A1 )) e by g e ab {t, x^)) £ which is 
again a local representation of a suitable representative of the metric, given for each 
£ by: 

g s ab (t,xn :=gl b (t,xn~ I < b (r,xndT. 

Jo 

For this representative wc have in static coordinates by definition: 

(d t gl b (t,x»)) E = 0. 

Step 2. Finally, we have to show that for a suitable representative (<jf e ) e , the (t, x) 
cross terms vanish. This is easily seen: By the hypersurface orthogonality we know 
that ( Jj, tjj^-) = go^ = in G((p(ST)) for fx = 1, 2, 3 ((f2, tp) denoting the local chart) 
Therefore we have negligible nets (tUq /j ) 6 such that 

^To see this, note that due to identity l|3.21| l wc have C^g = in Q. Therefore 
■ d \(( Fl t)*9)( x ) = (£e9)( Fl t( x )) - in S- This implies that (Flf)*g = ({Fl^)*g)(x) = g holds in 
Q, and we have proven that <f>t is a generalized group of isometries of g. 

2 To see this, assume the contrary, that is £ p = §|p £ T P S. Since S is space-like also £ p is 
space-like, but this contradicts the assumption that £ p is time-like. 
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Since f2 was chosen to be relatively compact, we may even set the (t, x^) cross terms 
zero and still have a local representation of a suitable representative of g. We have 
shown that the line element of the metric takes the form (|3.20p . 

A simple observation is, that — V 2 = g(£,£,), therefore V 2 is a strictly positive 
function, and h^ v is a generalized Ricmannian metric. □ 

This concludes the general discussion of generalized space-times. From a the- 
oretical point of view, however, it is interesting to further investigate characteri- 
zations of generalized space-times ( M. , g) via standard space-times. We finish this 
section with the following conjecture 

Conjecture 3.17. On relatively compact open sets, a generalized stationary 
space-time (M,g) admits a (symmetric) representative (g £ ) £ of the metric g such 
that (M,g £ ) is stationary (with Killing vector £ a ) for each e > 0. 

We are now prepared to present the setting of this note: 

3.3.2. The setting. Assumptions on the metric. Throughout the rest 
of the chapter we suppose (M.,g) is a generalized static space-time. Furthermore 
we shall work on (U, ((£,2^)), (p G U), an open relatively compact chart such that 
according to Theorem 13. 16[ (t,x^) are static coordinates at p. 

£ a shall denote the Killing vector field on U and £ is the three dimensional 
space-like hypersurface through p G U, in static coordinates given by t = 0. 

Let m a b be a background Ricmannian metric on U and denote by || \\ m the norm 
induced on the fibres of the respective tensor bundle on U. We further impose the 
following assumptions on the metric g and the Killing vector £: 

(i) V K CC U and for one (hence any) symmetric representative (g £ ) £ we 
have: 

sup \\gMWm = 0(1), sup \\gf (p)\\ m = O(l) (s^O). 

(ii) V K CC U V k G No V G X(U) and for one (hence any) 
symmetric representative (g £ ) s we have: 

sup||£ 6 ...£^ fc |L = 0( £ - fe ) (e-0). 

pEK 

(iii) VA"CCt/Vr/GX(C/) : 

sup HA^IL = 0{1), (e -►()). 
peK 

where (£ £ ) £ := , S is a representative of the (generalized) observer 
field f given by £ := , = This is well defined by the fact that 

— ff(CiC) = — (CiC) i s a strictly positive function on U, the square root of 
the latter is strictly positive as well, and this means y — (f, ^) is invertiblc. 
Hence £ in fact is a generalized unit vector field on U, i. e., g(£,£,) = — 1 
in 0(17). 

(iv) For each symmetric representative (g £ ) £ of the metric g on U, for suf- 
ficiently small £, S is a past-compact space- like hypersurface such that 
9J+(S) = S. Here J^"(E) denotes the topological closure (with respect 
to the topology inherited by U) of the future emission D+(E) C U of S 
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with respect to g £ . Moreover, there exists an open set A C M and an so 
such that 

ac n j+(e). 

£<£ 

Note, that jivj is necessary to ensure existence of smooth solutions on the level 
of representatives (cf . Theorem 13. 13[) : For each sufficiently small e there exists 
a unique smooth function u £ on at least A C n e < £0 (^0- Furthermore the 
conditions (JT]) — dUI]) are independent of the Riemannian metric to. 

Property (jrv|) is an assumption on each symmetric representative. A conjecture, 
however, is the following: 

Conjecture 3.18. // for one symmetric representative {g £ ) £ of the metric 
g, for sufficiently small e, £ is a past-compact space-like hypersurface such that 
dJ^(S) = S, so it is for every symmetric representative of the metric. 

In the remainder of this section we interpret the setting of Definition 13.3.21 
in terms of the static coordinates (t,x^) of Theorem 13.161 With respect to these 
coordinates, condition jl]) means that all the coefficients of g e are bounded by a 
positive constant M$ for sufficiently small e, and so are the coefficients of the 
inverse of the metric. Finally, condition jl]} reads in static coordinates (i, x^): For 
each k > there exists a positive constant Mk such that for sufficiently small e we 
have 

\d Pl ...d Pk gl b \<^, \ dpi ... dpk gf\<M±, 

where d Pi (i = 1,2,3) are partial derivatives with respect to the space variables x^ 
(p = 1,2,3); differentiation with respect to time is not interesting, since in these 
coordinates time dependent contributions to the metric coefficients arc negligible, 
anyway (cf. Theorem 13. 1GD . 

Moreover, condition (Q implies that there is a positive constant M such that 
for sufficiently small e we have for the scalar product of the Killing vector £: 

(3.22) 9s(!i,0=g E m = -V £ 2 <-M <0. 

3.3.3. The setting. Formulation of the initial value problem. Let 

v,w G <?(£). The initial value problem we are interested in is the wave equation 
for u € Q{M) subject to the initial conditions: 

(3.23) Uu = 

u\s = v 

rv„u| s = w. 

An immediate consequence is that in static coordinates (t,x M ) (cf. Theorem 13. 16[) 
which employ the Killing parameter t, on the level of representatives the initial 
value problem (|3 . 23[) simply reads: 

(3.24) D e u £ = f £ 

u £ (t = 0,x^) = v £ (x^) 

d t u e {t = 0,x fi ) = w^), 

since S is locally parameterized as t = 0. Here (f £ ) £ € Af(ip(fl)), and (v £ ) £ , {w £ ) £ £ 
£m(¥>(^ f" 1 E)) are local representations of arbitrary representatives of v, w and D e 
is the d'Alembertian with respect to an arbitrary symmetric representative of g. 
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However, from now on we pick a representative of the metric which in local 
coordinates takes the form of Theorem 13. 161 Based on this choice we establish an 
existence and uniqueness result in the sense of Colombeau. Only in the last section 
we justify this choice in the sense that we show that choosing any other symmetric 
representative would have lead to the same generalized solution. Except for Part 
A we also use the fact that (u £ ) £ is a solution of the initial value problem on the 
level of representatives, i. e., u £ satisfies (|3.24p for each e. 

A remark on the setting is in order. We have chosen the static setting basically 
for the reason that the initial value problem (|3.23|) can be translated to (|3.24p 
for each e > 0. In particular, this means that wc can treat all equations in one 
and the same coordinate patch; in particular local asymptotic estimates, which 
are required for a proof of existence and uniqueness of the wave equation, can be 
achieved nicely in coordinates. However, in general, a convenient coordinate form 
of the metric representative (g £ ) £ cannot be achieved jointly for each e > 0. For 
instance, suppose the mere assumption that we are given a generalized metric for 
which a three-dimensional submanifold E is space-like (in the sense of chapter 2, 
Definition ^. 16p . Assume (g £ ) £ is a symmetric representative. Let p £ E. Then for 
each e > it is possible to introduce Gaussian normal coordinates at p such that 
the metric can be written without (i, x M ) cross-terms (cf. Theorem 13. 9[) . However, 
the metric g £ will in general depend on e, the construction given in the mentioned 
theorem will therefore depend on the resulting geodesies initially perpendicular to 
E; for different e they will not coincide in general. That means, for each e > there 
could emerge different coordinate charts, and the domain of these charts might even 
shrink when e — > 0. 

3.3.4. Locally foliated semi-neighborhoods. This section is devoted to 
showing that in the chosen setting, for any point p £ E there is a compact semi- 
neighborhood fi 7 which can be foliated by space-like (in the generalized sense) 
hypersurfaces E t (cf. figure 2). Throughout, we follow the notation as has been set 
out in section l3~.1.7l However, since the problem is a local one, it suffices to construct 
the compact region f2 7 (with space-like boundary throughout) in a coordinate chart. 
For the sake of simplicity we will not distinguish notationally between the image 
of the foliated region inside the coordinate chart and the foliated region on the 
manifold. 

Let p £ M. and let E be the initial surface through p, perpendicular to £ a , the 
(smooth) Killing vector. Due to Theorem 13 . 161 we have an open relatively compact 
coordinate chart (U, (t, x M )) at p such that x^(p) = 0, E is parameterized by t = 
and U is foliated by the space-like hypersurfaces E r : t = t orthogonal to £ = d/dt- 
Due to Theorem 13 . 161 we may find a representative (g £ ) £ such that the line element 
associated to g £ reads in these coordinates for sufficiently small e 



Furthermore, we have positive constants such that on all of U, M _1 < V~ 2 < Mq 1 
and \h£"\ < Mq 1 for sufficiently small e. 

Let h > 0, p > 0. We take a paraboloid with boundary t = and S(t,x^) = 
0,t > 0, the zero level set of the function S given by 



ds 2 £ = ~V £ 2 {x a )dt 2 + h E flv (x a )dx fl dx u . 
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Figure 2. Local foliation of space-time 



where height h and maximal radius p of the paraboloid shall be determined in such 
a way that the boundary S is space-like with respect to the generalized metric (cf. 
below). £1 is the compact region with boundaries S and So, the subregion of S. in 
coordinates given by t = 0, ||x|| < p. Q is therefore foliated by the three dimensional 
hypersurfaces the intersection of : t = C with f2, all with normal vector £ a . 

We fix for all that follows 7 with < 7 < h, and call 17 7 the part of f2 lying 
between t = and i = 7. Sn, 7 denotes the part of the boundary S of 17 which lies 
between t = and £ = 7. Therefore, fi 7 has boundaries So, S 7 and Sq, 7 - 

Similarly, for < r < 7 we use the notation Sn,r, So, S T for the boundaries of 

n T . 

Finally, we show that n a e := g^ b n,t,, the normal to S (hence to the subset 
So. 7) given by the (g E -) metric equivalent covector dS, is time-like, if the ratio 

h/p < \ J -^jj- In local coordinates we have 

dS = dt H — 7r5nx 1 dx :! . 
P 2 



Therefore 

(3.25) «,<) e = -F-^+ I ^ 1 h^SikSjix^x 1 < -V~' z + 1^1 (3M - A ||arf). 

With ^-(ar 1 ) 2 = ll' T ll 2 — P 2 we obtain by means of (|3.25[) the estimate 

«,<) £ < -— + 12(-) 2 < — 

for sufficiently small s. We have shown that n" is time-like for each e. In the 
generalized sense of causality which is established in chapter ® this means that 
n a := g ab ni, is (generalized) space-like. 

3.3.5. Energy integrals and Sobolev norms. Throughout this and all sub- 
sequent sections, we may assume that we have picked a point p € £ together with a 
semi-neighborhood f2 7 which entirely lies in an open relatively compact coordinate 
patch (U, (t, x M )), where (t, x M ) denote the static coordinates at p, in which the 
metric g takes the form (|3.20l) on the level of representatives. All the results will 
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be proved on the level of representatives inside the chosen coordinate patch. Since 
the Killing vector £ is a standard vector field, we may always take the constant net 
(£) £ as a representative of £. 

We have revisited constructions of Riemannian metrics by means of Lorentzian 
metrics in the preliminary section 13.11 and we have further mentioned that there 
are analogous constructions in the generalized setting (cf. chapter [21 section [2~4]l ; 
these we apply now in order to define Sobolev norms and energy integrals. 

We shall deal with two different specific constructions of Riemann metrics. For 
the first, we take g and £, the given Killing vector, and define the Riemannian 
metric e ab := [(e° b ) e ] on the level of representatives by 

2 2 

(o „a£> n ab /-a f-b ab , /-a /-b 

(3-26) e £ .= g £ - £ = g £ + ^ £ . 

For sufficiently small e > 0, e ab is a Riemann metric on U due to Corollary 13.31 
Furthermore e ab is even a generalized Riemannian metric on U: this follows, for 
instance, from the respective statement in the generalized setting (cf. chapter [21 
Theorem I2.43[) . However, since g ab has block diagonal form in static coordinates, 
and the metric construction (|3.26[) is quite simple, we can even directly confirm 
that e ab is a generalized Riemannian metric. Indeed, due to the assumptions of the 
setting, the metric g has the line element 

ds 2 = -V 2 dt 2 + h flu dx fl dx' / , 

where is a generalized Riemannian metric on fl U and <;(£, £) = — V 2 is an 
invertible element of G(U) (which follows from the fact that g is assumed to be 
non-degenerate). Therefore, the line element of e takes the form 

ds 2 = +V 2 dt 2 + h^dx^dx". 

It follows that ds 2 is the line-element of a generalized Riemann metric on U. 

In the second construction, g ab , £ Q and n a are involved; £ a and n a := g ab nb play 
the role of time-like vector fields in the construction (cf. Corollary 13.31 however in 
the generalized setting: £ a is the Killing vector (restricted to So. 7 = £l 7 D S) and 
n a is the normal to 5n j7 . We define a Riemann metric on 5n j7 by 

(3.27) G cd := ( 5 a V )b ~ \g ab 9 cd )^nb. 

Since both £ a and rib are time-like with the same time-orientation, G cd is a general- 
ized Riemannian metric on Sq^. This again follows from Theorem 12.431 We have 
omitted to explicitly denote the restrictions of g ab and £ a to Sq i7 . On the level of 
representatives G cd reads: 

(3-28) Gf := (gf c gf b - lgfgf)£n b . 

We proceed now to energy tensors and energy integrals. 

Let u now be a smooth function defined on the coordinate patch U , and let 
V e denote the covariant derivative with respect to g e for each e > 0. For each 
non-negative integer k, we define energy tensors T £ b,k (u) on f2 7 as well as energies 
E k e {u) on S T (0 < r < 7) of order k as follows. For k = we set 

(3-29) T E ab '°(u) := ~gf u 2 . 
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For k > we define energy tensors 

(3.30) T^ k {u) := (g a £ c g b £ d -^gfgf)e^...e^-^ 

x (v=v; 1 ...v| t _ 1 «)(v|v| 1 ...v| fc _ I «). 

We are now prepared to define the energy integrals E k e (u) via the energy tensors 
T £ h,k (u) of any order k. The energy integral of the fc-th hierarchy is given by 

(3-31) i£ e (u):=W T^(u)e a m- 

-j=o JSt 

Here \i% is the unique three-form induced on S T by \x E such that dr A fi E T = \f holds 
on S T . (cf. 1141 . p. 66, Lemma 2.9.2) . Furthermore, := . ^° Moreover, 

it should be noted that the tensors T £ b ' k (u) are symmetric tensors satisfying the 
dominant energy condition. This holds due to Proposition [376] 

Since £ a is a Killing vector field and T £ h > k {u) is a symmetric vector satisfying 
the dominant energy condition for each e (cf. Proposition 13. 6[) . we have as an 
application of Stokes's theorem (cf. (|3.19[) ). 



(3.32) 




The inequality is due to the fact that as a consequence of the dominant energy 
condition, the integrand of the surface integral over Sq j7 is non negative, hence can 
be neglected. 

This inequality clearly holds for each e > and each < r < 7. 

In the remainder of the section we introduce Sobolev norms on the coordinate 
patch U . Let e > and < r < 7. The three dimensional Sobolev-norms are 
integrals of the covariant derivative over S T : 



(3.33) 




where, as usual, the integrand is expressed by contraction of the covariant derivative 
of jth order of u with the Riemannian metric e ab : 

(3.34) |V«( U )| 2 := . . . e^W e pi . . . V^tiV^ . . . V^tt. 

Similarly, the three dimensional Sobolev norms involving partial derivatives only, 
are: 



(3.35) 




On il r we have the respective (usual) Sobolev norms given by 



(3.36) 
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as well as 



(3.37) d \\u\\l T , e := £ / \d Pl ...d Pj u\ 2 ^ 



3.4. Equivalence of energy integrals and Sobolev norms (Part A) 

We start by establishing that the three dimensional Sobolev norms and the 
energy integrals are equivalent. In this section, inequalities are meant to hold 
for sufficiently small e and for each < r < 7 and for each smooth function u 
given inside the coordinate patch U . In the end of the section we shall give an 
interpretation of these inequalities. 

The main statement of this section is the following (the respective statement 
in conical space-times is ( |49j . Lemma 1)): 

Proposition 3.19. For each k > 0, there exist positive constants A, A' such 
that for sufficiently small £ we have 

(3.38) £* e (u) < A( V |M|^) 2 

(3.39) A'( V |M|^) 2 < E^ £ (u) 

For each k > 1, there exist positive constants Bk, B' k such that for sufficiently small 
e we have 

(3-40) ( V NI^) 2 < ^^i-^hjlij 2 

3=1 



(3.41) ( 9 HU 2 < B^Z^CMi 



^2(fe^)V ll"llr,e) 2 
3=1 

Moreover, for k — we clearly have ( v ||u||° e ) 2 = ( 9 ||u||° e ) 2 . 

Before we present the proof of the statement, we notice: 

(i) Note, that the term "sufficiently small e" in the statement in particular 
means that the index eo from which on the inequalities above hold, de- 
pends on the order k: For the latter two inequalities this may happen; 
the two first inequalities possess a uniform Sq from which on they hold. 

(ii) The four inequalities hold for each < r < 7. 

(iii) Note that the scalar product 

e e • • ■ e £ <lp-L...pk '/<ji...q fc 

and the euclidean scalar product defined on the coordinate patch only, 

XPiqi XPkqk n „ 

are equivalent on U for small £ in the sense that the respective norms are, 
that is: there exist positive constants C'k.i, Ck,2 such that for sufficiently 
small e we have 

(3.42) ...8^ Vpi ... PkVqi ... qk < e^...e^r )pi ... Pk r lqi ... qk 

< C k , 2 S^...6^* Vpi ... PkVqi ... qk . 
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Similarly there exist positive constants Dk,\,Dk,2 such that for suffi- 
ciently small e we have 

{0.<iC>) Uk,\Op iqi ■ ■ ■ Op k q k lj I) ^ e pi(Jl ■ • ■ e Pkqk'l 'I 

< 7}, „,5 A n Pi—Pk n qi-qk 

It is sufficient to show this for ft = 1. Then (|3.43|) may be refor- 
mulated as follows: There exist positive constants C\,C2 such that for 
sufficiently small e wc have 

(3.44) CkWV < e £ abV a V b < C 1 5 ab rj a ri b . 

Since there are positive constants M, Mq such that for sufficiently small 
e we have M < V E 2 < M , we may reduce the problem to the three space 
dimensions (the greek letters therefore ranging between 2 and 4): We 
claim that on compact subregions of U we have for sufficiently small e: 

(3.45) C^^ifif < h^rfrf < Crf^rf rf . 

Since we locally have = 0(1) (e — ► 0), the right hand inequality of 
(|3.45p is trivial. The proof of the left hand inequality requires a little 
work: Let x range in a compact subset K of U . We may assume that for 
small e, h £ flu (x)h^ p (x) = S?(x) + n p (x) with negligible {n p g ) e , therefore 
for a negligible {n e {x)) e 

(3.46) d*«, W ) . ±0± y 

since det(h" p (x)) is invertiblc for sufficiently small e. Moreover, since 
\h v e P{x)\ = 0(1), we have | det(ft^(x))| = 0(1) holds on K. In view of 
this and the fact that (n E (x)) £ is negligible (in particular we may assume 
that |n E (a;)| < 1/2 for all x in K and for small e), there exists a positive 
constant M' such that we have for all x and sufficiently small e 

(3-47) | de t(&* p ( s ))|>_L 

Furthermore we know that 

det(ht p (x)) = X £ 2 (x) Af(z), 

where Af (x) (i = 2, 3, 4) are the eigenvalues of h% (x) at x. Therefore, by 
using p.47p and the fact that for each i we have X s = O(l), we see that 
there is a positive constant C\ such that for each i = 2, . . . , 4 we have 

|Af(*)| > Or, 

whenever e is small enough. Since for sufficiently small e, h^ v is sym- 
metric positive definite, we have 

(3.48) inf f) ! = min A? > Ci, 

v o IJiU {x)rj^r] v i=i,...,n 

which proves the left inequality of (|3 .45[) . Therefore we have shown that 
(|3.44[) holds. In a similar manner one can show the estimates p. 421) . 

(Bp . 

We are ready to present a proof of Proposition 13.191 
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PROOF. Part 1: Inequalities i3.38\) and 113.39]) . 
To establish these inequalities, we consider the cases k = and k > separately. 
For k = 0, the situation is relatively simple. We have 

(3.49) Tf '°(u)eM = —gfmu 2 = -\ 9 i b ei b u 2 = -\^- 9 e^ou 2 = ^u 2 . 

By the assumption on the metric, there exist positive constants M, Mq such that 
for sufficiently small e 

(3.50) M < V e < M 

It follows that for A := M /2 and A' := M/2 we have 

(3.51) A'u 2 < T?'°(u)£t b < Au 2 . 
Integrating over S T yields 

(3-52) A'C\\u\\l e ) 2 < El e {u) < AC\\uC e ) 2 

and we are done with k = 0. 

Next, we investigate the case k > 0. To start with, note that 

(3.53) {gTgt d - \gf gfWait = (W - \{UU?) ^ 

= \ v '{^ + ^^) = 

By the definition (|3~30|) of Tf< k (u) and by (j333|) . we therefore have 

(3.54) T?*(u)? a $£ : = {{gT9t d - Igfgf)^ < iqi ■ ■ ■ e^- 1 *" 1 * 

x (vsv; 1 ...v; J _ 1 «)(V5v* 1 ...v^_ 1 «) = 

= ^V E e c £ d e p E 1(l1 ...e^" 1 *- 1 x 

x (v^v; 1 ...v; J _ 1 «)(vsv| 1 ...v|,_ 1 «). 

By inequality (|3.50|) and ()3.54|) . for all 1 < j < k we have for sufficiently small e 

(3-55) f |V«( U )| 2 < T^{u)i± < ^\V^( U )\ 2 . 

Since A = ^ , A' = 4p , for all 1 < j < k we have for sufficiently small e 

(3.56) A'\^\u)\ 2 < T^(u)Ce b < A\^(u)\ 2 . 
Therefore we have by summing up (|3.56|) and (|3.51j) the following estimate: 

k k k 

(3.57) A'Y, (IV^HI 2 ) < E T ^»^4 £ < (iV^HI 2 ) ■ 

J=0 j=0 j=0 

Integration over S T therefore yields 

(3-58) A'( v ||< 6 ) 2 < £*» < A(*\\u\\ k T J 2 

and we are done with the proof for k > 0. 
Part 2: Inequality I3~4ty . 
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To prove this inequality, we use the asymptotic growth behavior of partial deriva- 
tives of the metric as well as the formula which expresses the covariant derivative 
of u in terms of partial derivatives of u and Christoffcl symbols (see identity (|3.G8D 
below). The case k = is a triviality. Also, the case k = 1 is quite simple. 
Independently of e we have 



There exists a constant Mq such that for sufficiently small e we have |e° b | < Mg 
Therefore (f3T40j) holds for B'{ := 2M' Q , since 

(3.59) |V«w| 2 = efd a ud b u < 2M^(9 pli ) 2 = B'(^(d p u) 2 . 

p p 

With B[ := max(l, B'{) wc obtain 

(3.60) u 2 + iV^ul 2 < B[(u 2 + J2( d P u f 

p 

and integration over S T yields 

C\\u\\U 2 <B[( 9 \\u\\\ e ) 2 . 
This is the claim for k = 1. So let k = 2. Then 



(3.61) V £ a V e b u = V e a (d b u) = d a d b u - T c abiS d c u. 

Since e° fc — O(l) on f2 7 D £7 r and r^ h e = O(^), there is a positive constant B 2 
such that 

(3.62) e \K^>\ 2 ^ B 2 (^E(^ u ) 2 + E(^^ u ) 2 ) • 

P1P2 \ P P1P2 / 

Using the right hand side of (|3.42|) we conclude that for the positive constant 
B*2 '■= C2^B 2 " and for sufficiently small e we have 

(3.63) |V( 2 M 2 < B'l (1 5>,u) a + E^ 9 ^) 2 J ■ 



p 



As a consequence of (|3.60[) and (|3.63p , there exists a positive constant B' 2 such that 

for sufficiently small e > we have: 

(3.64) 



u 2 - 



ivw^+ivi^i 2 < b' 2 (hu 2 +j2(d P uf) + (u 2 +E(^) 2 + E^") 2 ) 



P1P2 



and integrating this inequality over S T yields the claim for k = 2. The proof for 
arbitrary k is inductive. 
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We claim that for each 2 < j < k we may write the jth covariant derivative of 

u as 

(3.65) V e ai ...V £ QjU = d ai ...d aj u + 

+ E /? '; :::!; . ^•••^ i« • 

hi , . . . , b j — i 

+ E ,« • 

hi ,...,fjj_ 2 
+ ... 

+ E B 'i...^hi«, 

hi 

with functions (defined in the coordinate patch (U, (t,x 1 ))): 

B bl - b i-r 1 < r < •?' - 1 

■"ai ...a 3 ■, e i x — ' — J x ' 

where for each non-negative integer m, we have the following growth estimate on 
compact sets: 

(3-66) BlxXl (>(-)■ 

Of course, some of the coefficient functions B a \'.'.'.a,~,l might even vanish. 

We use the induction principle for the proof of this subclaim. The inductive 
basis k = 2 holds due to formula (|3.61|) . For the inductive step, basically two 
ingredients are needed: First, the asymptotic growth of the Christoffel symbols on 
compact subsets of U when e — > 0, which for every non-negative integer m is 

(3-67) d pi ...d^ >e = o(-^y 

This formula follows by induction directly from the asymptotic growth of the metric 
coefficients, the coefficients of the inverse of the metric and their derivatives. 

The second ingredient is the coordinate formula for the covariant derivative of 
a tensor of type (0, n), which is: 

n 

(3.68) V a W(,i...b„ = d a U>b 1 ...b n — E ^ab j a; bi...hj_icbj + i...h„. 

3=1 

By using the two ingredients (|3.67p and (|3.68[) the proof of claim f|3 . 65|) is easily 
proven for j = k. 

Having showed decomposition (|3.65[) for each non-negative integer k, the proof 
of inequality (|3.40p lies at hand. One only needs the right hand side of estimate 
(I3.42j) . Then it follows by (|3. 65[) that for some positive constant A'l 

|v! fc) l 2 <^'( E E \^..,M 2 \\ 

\0<j<k P-L—Pj J 

(cf. inequality (|3.63p in the case k — 2) and integration of the respective inequality 
for j = 0, . . . , k over S T yields inequality (|3.40[) for any k > 2. We are done with 
Part 2. 

Part 3. Inequality {S.jty - 

This problem is analogous to inequality (|3.40j) . One starts by expressing partial 
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derivatives in terms of covariant derivatives using identity (|3.68p . Then one may 
find estimates of squares of partial derivatives via squares of covariant derivatives 
of the respective orders. Finally we may use the left hand inequality of (|3.42[) given 
in the preceding remark and integrate the achieved inequalities over S T and we are 
done. □ 

3.5. Bounds on initial energies via bounds on initial data (Part B) 

To start with, we establish asymptotic estimates of derivatives of arbitrary 
order of the smooth net (u £ ) £ on (the compact set) Sq. This may be used later to 
establish the asymptotic growth behavior of the initial energies E% =0 £ (u £ ). The 
following notation is useful: 

Definition 3.20. Let O be an open subset of K" and let K cc O be a compact 
subset. A net (g £ ) £ of smooth functions on O is said to satisfy moderate bounds 
on K , if there exists a number N such that 

sup \g £ (x)\ = 0(e N ) (e -+ 0). 

In our main reference [49] (cf. pp. 1341-1344), the set of such functions is 
denoted by £m{K), however, since this notation is misleading, we shall not use it. 

We shall establish moderate (rcsp. negligible) bounds in all derivatives of the 
net of solutions (u £ ) £ on a fixed compact set only, namely f2 7 .Thc first step is to 
establish moderate (resp. negligible) bounds of (u £ ) £ on S; this is the subject of this 
section. 

We may go on now by recalling that due to Proposition [3TT2] the d'Alembertian 
takes the following form in static coordinates: 

(3.69) LTu e = -V- 2 d 2 t u £ + \g e \-^ 2 8 a (jg^gfd^ . 

We may manipulate equation (|3.69[) by using D E u £ = f £ and receive a formula for 
the second derivative of u £ : 

(3.70) d 2 u £ = -V 2 (f e - | 5e r 1/2 9a (\g s \ 1/2 gfdpu £ )) . 

In order to derive asymptotic bounds on initial energies we shall need the following 
statement: 

Proposition 3.21. If (v £ ) £ , {w £ ) £ (as introduced in {3. 24\ >) satisfy moderate 
( resp. negligible ) bounds on So in all derivatives, then for all j,k>0 the derivative 

{d 3 t d Pl ...d Pk u £ ) £ 

satisfies moderate (resp. negligible bounds) on Sq. 

Proof. Part 1 

Recall that (f £ ) £ is negligible. We start by proving the estimates on So for time 
derivatives of (u £ ) £ only. The inductive hypothesis is: If {v £ ) £ , (w £ ) £ satisfy mod- 
erate (resp. negligible) bounds on Sq, so does for each j > 0, the net <9fit e (0, x a ). 
The inductive basis may be j = or j = 1: In these cases, the statement holds 
trivially: Due to the initial value formulation (|3.24|) . we have 

d°u £ (0,x a ) = u £ (0,x a ) = v £ (x a ) 

and 

d t u £ {0 1 x a )=w £ (x a ) 
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which arc both moderate (resp. negligible) due to our assumption. Employing the 
fact that {u e ) E solves p.24|) as well as the identity ()3.70j) . we have: 

(3.71) d 2 u £ (0,x a ) = -V 2 (f £ (0,x a ) - \g £ \- 1/2 d a (\g £ \ 1/2 gf dp) v £ ) ■ 

Here we have only explicitly written down the independent variables, if the resp. 
functions are not functions of the space- variables only. 

To confirm that the claimed estimates hold for the second derivative with re- 
spect to time, we only need to know that the product of a net having moderate 
(resp. negligible) bounds with a net having moderate bounds, has moderate (resp. 
negligible) bounds. Therefore, the hypothesis holds for order j = 2 as well, since 
(v e ) e satisfies moderate (resp. negligible) bounds (and of course, the representatives 
of the metric coefficients are moderate by definition, and so are the determinant 
and its inverse). 

For the inductive step, assume that for 2 < j < to (m > 2) the desired 
asymptotic growth is known on Sq. Differentiating equation (|3.70p to— 2 times 
with respect to time yields: 

(3.72) d?u £ = -V 2 (dr 2 f £ - \g £ \- l ' 2 d a {\g e \^gfd p dr 2 u E )) . 

Here again we have used the fact that V £ and the metric coefficients are indepen- 
dent of the time variable t. Due to the inductive hypothesis, (9™ -2 it e ) £ is moderate 
(resp. negligible), whereas {d'^ l ~ 2 f e ) e is negligible by assumption (since (f £ ) £ is)- 
By a similar reasoning as for the second derivative, we find that (9J n u e ) e satisfies 
moderate (resp. negligible) bounds on Sq and we are done. 
Part 2 

Estimates for the derivatives of (u £ ) £ with respect to space-variables are easily 
achieved, since (u £ (0,x a )) £ = (v £ ) £ is moderate (resp. negligible) due to our as- 
sumption, and derivation with respect to space- variables commutes with evaluation 
at t = 0. 
Part 3 

It is left to be shown that mixed derivatives of (u £ ) £ of any order have moderate 
(resp. negligible) bounds on Sq. Here again an inductive argument as in the Part 
1 applies. We first rewrite (|3.72[) by using the Leibniz rule: 

(3.73) 

ar« e - -V 2 {d?- 2 f £ - \g £ V x ' 2 d a {\g £ \ 1/2 gf) cW~V - gf d a d^- 2 u e ) ■ 
We may define the net 

G?{x») := \g s \- 1/2 d a (\ 9 e\ 1/2 9 f) ■ 

It is worth mentioning that (G^(x M )) e is a moderate net in the coordinate patch 
for each /3 = 1, 2, 3. With this notation, (|3.73|) reads 

(3.74) d t "V = ~V 2 (d?- 2 f £ - GP(xndpd?- 2 u £ - gfd a d d?- 2 u £ ) . 

The inductive hypothesis now states that for each order m we have for each order 
k that 

(d Pl ...d Pk d?u s )(t = 0,x°<) 

is a moderate (resp. negligible) function. The basis of induction is m = holds 
according to Case 2. Assume therefore that the claim holds for < j < m of order 
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of time-derivatives of u £ . Differentiating (13.741) with respect to time yields 

(3.75) d? +1 u e = ~V £ 2 (dr\fe - G^dpd?- 1 ^ - gfd a d p dT^u £ ) . 

Now we may set t = and differentiate k times with respect to the space- variables. 
By assumption, for each I > 0, and for each n < 



m 



(d pi ...d pl d?u £ )(t = 0, X a ) 

is a moderate (resp. negligible) function. Plugging this information into the right 
hand side of (|3.75[) . we see that 

(d pl ...d Pk d?+ 1 u s )(t = > x<*) 

has moderate (resp. negligible) bounds for each k > 0, and we are done. □ 

As a consequence of the preceding statement, we have 

Proposition 3.22. If(v £ ) £ , (w £ ) £ are moderate (resp. negligible), then for each 
k the initial energies (Eq £ ) £ are moderate (resp. negligible) nets of real numbers. 

Proof. This statement is a direct consequence of the form of the energy inte- 
grals (rewritten in terms of partial derivatives using formula (|3.68|) ). □ 

3.6. Energy inequalities (Part C) 

From now on, we will use the fact that (u £ ) £ is a solution of ()3.24j) on f2 7 . 
We start with the simplest case k — 1. Then we have the following inequality: 

Proposition 3.23. There exist positive constants C[ and C" such that we have 
for each < r < 7 and for sufficiently small e: 

(3.76) E\ £ {u £ )<El £ {u £ ) + C{<?\\Ut^ £ ¥ + C'{ f i^KR. 
PROOF. We start with ()3.32p . which for k = 1 reads 

(3.77) El £ {u £ ) < El^ £ {u £ ) + f ^V*Tf'VK+ / ^ a Tf>\u £ )n £ 

We calculate the integrals on the right hand side of the inequality (|3.77p . For k = 
the energy tensor is defined by 

(3.78) Tf<°(u £ ) = -\g?u 2 £ . 
The covariant derivative is: 

V-Tf-V) = -\vig?ul-{ l -g?){2u £ Vlu £ ) = 

= - u £ \7 b e u £ 

(3.79) = -u £ V b £ u £ 

Moreover, for k = 1 the energy tensor reads 

T e b,1 (u s ) = {g a M d - \g?g c £ d mu £ ^ d u £ . 
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Therefore we obtain for the covariant derivative 

V e Tf 'V*) = Crf - \<tf 9?) (VJ V^ E V%u e + V^ e V=V§U e ) = 

= (s e oc ff" - 5 e cd ) (VS Vtu e V%u e + Vtu e V s d Vlu e ) = 
= V c e V £ c u e V b e u e + (V> S V£V^ £ - 

= V°V=u e V£u e = (l7J e u e )V*u e = 

(3.80) = / e V*« e . 

We may now insert 1)5775)1 and (|57gD|) into (|5777|t . This yields 

££> e ) < ^ =0 , e (« e ) + / CIVS (2?*'V) + T" 6 ' 1 ^)) M£ = 

= ^ (« e ) + / av^ e (/ e - u e )fi e = 

= El E (u s )+ [ rV £ aM£ (/ £ -u £ )/i, 
Using the Cauchy Schwarz inequality we further obtain 

(3.81) E^(u c ) < El £ (u e ) + Qf (e°V^ £ ) 2 /i £ ) 2 (/e - u e ) 2 p c ) 2 

We may now estimate again by means of the Cauchy Schwarz inequality for the 
scalar product induced in each tangent space by e e ab , 



(3.82) e«vx = <4rv^ £ < e £ Qb rv^ £ < v^OIVi 1 ^.!. 

Note that the first inequality holds due to the fact that the difference between the 
line elements of g e ab and e £ ab merely lies in the switch of signs in the first summand 
from — to +V 2 (therefore this inequality is trivial). 

Furthermore, there exists a positive constant C\ such that \/e £ (£,, £) < C\ on 
for sufficiently small e, because £ is smooth, is locally bounded (because g s ab 
is in our setting) and f2 CC U. It follows that 

/ (Cv £ Q u £ )Ve < c\ [ |vW W£ |Vs. 

This information we plug into (|3.81|) and achieve 

(3-83) = i#> e ) + Ci (V| K ||^ £ ) 2 + ^ ( V ||MI^, £ ) 2 , 

where for the second integrand of the right hand side of ()3.8ip we have used the 
triangle inequality for the Sobolcv norm (and further that a(b + c) < (a 2 +c 2 ) + \). 



60 3. THE WAVE EQUATION ON SINGULAR SPACE-TIMES 

Next we employ inequality (|3.39|) of Proposition 13. 191 We have 



(3.84) ( V |K||^ iE ) 2 = / _( V |K||J >e ) 2 dC<^7 /. ^l E (u E )dC 



^ 7^=0 



We may set C[ := ^, C'{ := C x /A'. Plugging (|3~84]) into (f3783]) yields the claim 



For energies hierarchies larger than one, we similarly have: 



Proposition 3.24. For each k > 1 there exist positive constants C' k ,C k ,C' k " 
such that for each < r < 7 and sufficiently small e we have, 



(3.85) E k T Ju £ ) < El £ {u e ) + C' k f\\f4 k n -] e Y + C'n E&uJdC + 



3=1 Jc=0 



Before we prove this proposition, we establish a couple of technical lemmas. 
The first one gives a formula for the covariant derivative of the energy tensor 
T^ b,k (u). For the sake of simplicity, we omit the smoothing parameter in the 
technical lemmas. Moreover, we write Vju := V Pl . . . \7 Pk l u and for the tensor 
product e IJ := e Piqi . . . e Pk - iqk - 1 . 

Lemma 3.25. For each k > 2, the divergence of 



rab,k{„.\ { ac bd ab cd\ IJt-7 V7 n n 

W = (9 9 - 2 g 9 > c viuVdV ju 



can be written in the following form: 
\7 a T ab > k {u) = 

(3.86) (V a e IJ )(g ac g bd - \g ab g cd )V C V d \7 ju 

(3.87) + e IJ {g bd V d Vju){g ac V a V c Viu) 

(3.88) - 2e IJ (V d V J u)(g ab g cd V< a V c] V I u). 
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Proof. We have 



(V a e IJ )(g ac g bd - X -g al 'g cd )V C V lU V d V jU 

a c bdAJ 



(3.89) + .g ac 5 b e (VaV c V/MVdVjM + V c V/MV a V d Vju) 

- ^g ab g cd e IJ (V a V c ViuV d Vju + V c ViuVaVdVju) -- 

= {V a e IJ ){g ac g bd - ]^g ab g cd )V C V lU V d V ju 

+ g bd e IJ (g ac V a V cV iu){V d V ju) + V c V/uV c V 6 V 7 u 

- i(V d V /U )(V"V d V / U ) - i(V c V /U )(V b V c V 7 U ) = 

= (V a e IJ )(g ac g bd - \g ab g™ 1 )^ C V mV d V ju 

+ g bd e IJ (g ac V a V c V I u){V d V J u) + V c V/wV c V 6 V 7 u 

- V c V / uV b V c V / u 

= (V Q e /J ) (g ac g bd - i g a6 5 cd ) V c V /U V d V jM 

+ 9 bd e /J (ff oc VaV c Vzn)(VdVju) - 2V c V/uV [b V c] 

= (V a e IJ )(g ac g bd - \g ab g cd ) V c V /U V d V jii 

+ 5 M e /J ( 5 ac V a V c V /U )(V rf V jU ) - 2V d V /U V[ b V d lV / t 

= {V a e IJ ){g ac g bd - ^g ab g cd )V C V mV d V ju 

+ e /J (.g bd V d V,H(.9 ac V a V c V /M ) 

- 2e IJ (V d Vju)(g ab g cd V [a V c] V lU ). 



□ 



We shall consider (|3.86p . (|3.87)) . (|3.88p separately in the following lemmas. We 
start with ([3786]) : 

Lemma 3.26. On U we have 

||V^f|| m = O(l), (e-0). 

Proof. This follows directly from the assumptions on the Killing vector field 
£ (cf. ()3.22|) . and the assumption jmj on the metric in section l3.3.2|) and the Leibniz 
rule: 

V|e bc = V a (gf _ -l-e'D = -2V E 



(3.90) -2V|( - F JL= 1 ^il = ~2Vg( ; ^ ) ^ =0(1) 



□ 



Next we investigate (|3.88|) : 
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Lemma 3.27. 

-2V [o V c] Vp I ...V Pfc _ 1 u = < ac V d V P2 ...V Pfc _ lU 

(3-91) + < ac V Pl V d ...V P(k _ lU + --- + 

+ ^_ lOC V Pl ...V P2 ...V d u 

Proof. The proof is a direct consequence of the Ricci Identities 

(3.92) — 2V[ V c ]X pi ... J , fc = Rp iac Xdp2...pk Rp 2 acXp 1 d...p h + • • • + Rp k acXp 1 p 2 ...d- 

□ 

This concludes the algebraic treatment of (|3.88[) . What is left is to give an 
asymptotic estimate on compact sets. First we need information on the asymptotic 
growth of the Riemann tensor: 

Lemma 3.28. For each compact set K in U and for each k > 0, there exist 
positive constants F^ > such that for sufficiently small e the following holds on 
K: 

(3-93) \dpi---d P XQ<^k 



tin 



d 



(3-94) \K,---K k R d a Q<^h- 

Proof. (|3.93[) is an immediate consequence of the formula for the coefficients 
of the Riemann tensor in terms of Christoffcl symbols (hence in terms of partial 
derivatives of the metric coefficients) and their asymptotic growth. For (|3.94jl one 
needs in addition the formula expressing the covariant derivative in terms of partial 
derivatives and Christoffcl symbols. □ 

Lemma 13.271 and Lemma 13.281 in conjunction yield: 

Lemma 3.29. For each compact set K in U and for each k > 2, there exist 
positive constants Gk > such that for sufficiently small e the following holds on 
K: 



,Pk-l 



_ 1 u\ 



This is an immediate conclusion and therefore we omit the proof. Finally, we 
investigate term (|3.87|) . The next calculation is a purely algebraic manipulation. 
Again, we omit to write down the smoothing parameter e explicitly 

Lemma 3.30. For each k > 2, we have 

fc-i 



(3.95) <? ac V a V c V Pl . . . Vp,., u = V P1 . . . V Pk _, Du + J2 



r >(fc-i,i), 



where TZ^'^'u represents a linear combination of contractions of the (k — j)th co- 
variant derivative of the Riemann tensor with the jth covariant derivative of u, 
<j <k. 
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Proof. Before we start, we note that we shall write 

to indicate that the sum of such linear combinations is a linear combination of 
the same type (containing the same order of covariant derivatives of the Ricmann 
tensor and the function u). In this sense, by the Leibniz rule we have: 

fe-l k 

(3.96) V Pfc J2 K^^u = J2 n {k ^u. 

3 = 1 3=1 

We start by calculating the basis of induction, namely k = 2. Since the connection 
is torsion free, we have: 

(3.97) <? QC V a V c V Pl u = ,g ac V a (V Pl V c u - 2V [pi V c] u) = g ac V Pl V a V c u = V Pl Du. 

So the claim holds in the case k = 2 (since the linear combination W- 1 ^' is allowed 
to vanish). 

For the inductive step, assume (|3.95p holds. To manage the step k — 1 — > k, wc 
have to repeatedly use the Ricci identities (|3.92[) in order to shuffle the covariant 
derivative indices of u. First, we shuffle the indices c,pi: 

5 ac V a V c V pi ...V Pfc it = =.g ac V a V pi V c V P2 ...V Pk u- 
- 2g ac V a V [pi V c] V P2 ...V Pk u = 
= g ac V a V Pl V c V P2 ...V Pk u + 

+ .9 ac V a ^i?^ PlC V P2 ...V Pl _ 1 V d V Pl+1 ...V Pfc ^ 

k 

= 5 ac V Q V pi V C V P2 ...V Pk u + ^ft^V 

3 = 1 

Repeating the same procedure a second time by shuffling pi and a, we receive 

k 



(3.98) 5 ac V a V c V Pl . . . V Pfc u = V P1 (g ac V a V c V P2 . . . V Pfc u) + ^ U^'i 



3 = 1 



We may now use the induction hypothesis (|3.95|) . Inserting into (|3.98[) yields by 
means of (|3.96|) , 

(fe-i \ k 

jy^ k ~ ld) ^\ + YJ i(k ' 3)u = 

k 
3 = 1 



and we arc done. □ 



The last helpful estimate we establish before proving Proposition 13.851 is the 
following: 
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Lemma 3.31. For each compact set K in U and for each k > 2, there exist 
positive constants Gk > such that for sufficiently small e the following holds on 
K: 

(3.99) \lir^u\ 2 < E m-..V^| 2 . 

91 - Qj 
l<j<fc-l 

Proof. The proof follows directly from Lemma 13.281 and the definition of 
R E (a linear combination of covariant derivatives of the Riemann tensor of 

k — 1 — j order and covariant derivatives of u of order j). □ 

Finally, we are prepared to prove the main statement, Proposition 13.241 



Proof. We start with (|3.32p . where we insert the solution (u £ ) £ of the wave 
equation (|3.24[) : 

(3.100) E k ^u e ) < E k = ^ e {u e ) +J2 I H^lTf^u^. 

Hence, for each energy hierarchy m, we have to estimate the divergence of T® b ' k (u e ) 
for each 2 < k < m (the case k = 1 has been proved in Proposition 13.231 and the 
case k = can be easily be derived from the information given in the proof of 
Proposition 13. 23p . So let k > 2. By Lemma T3.251 we have 

W a T e ab > k (u s ) = 

(3-101) (V^ef ){g?g b e d - \gf g?)V^\u e VWjU e 

(3.102) + ef( 5 fV^V>e)(srV^VK) 

(3-103) 2el\V^ J u £ ){g?gl d V\ a Vl ] V\u e ). 

We estimate the asymptotic growth of all the three terms (|3.101[) . (|3.102[) . (|3.103|) 
by means of the preceding lemmas. The first term (|3.101[) can be estimate by 
means of Lemma 13.261 as follows. For each k there exists a constant Tk such that 
for sufficiently small e we have 
(3.104) 

\(Kel J M c 9 b £ d ~ \gfgf)V^u £ V^ju e \ 2 < T k £ |V^ . . . V^ £ | 2 . 

Pl, — ,Pk 

So we are done with the first term. By Lemma l3.301 we have 

fc-i 

(3.105) gFKKvU ■ ■ ■ v| fc _ t u e = . . . v;^ u*u s + £ ni k -^u £ , 

and Lemma 13.311 provides the asymptotic growth behavior of the quantities 
Y, k j llni k ~ 1 ' j) u s . We further may use that (u e ) E solves the initial value problem 
(I3.24p on the level of representatives; taking the covariant derivative k times this 
implies 

v; 1 ...v; Jb _ 1 n«« e = v; 1 ...v^_ 1 / B . 
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Hence, there exists a positive constant T' k such that the left side of (|3.105|) is 
bounded for small e by 

l5TV|v|v| 1 ...v; fc _ 1 « e | 2 < T^ 1 ...v; fc _ i / £ | 2 + 

( 3 - 106 ) + T k E t^t— ylV^.-.V^.^I 2 . 

l<j<k-l 

For term (|3. 103|) we obtain by Lemma 13.291 that locally there exists a constant 
Gfc > such that for sufficiently small e we have: 

(3.107) |2Vf V e ,V e ...V £ u F \ 2 < — V |V £ V £ ...V £ u F \ 2 . 

pi,...,p fc _i 

We finally may use the estimates (|3.104[) , Q3. 106ft and (|3.107[) to estimate the ener- 
gies (T^ b ' k (u £ ) £ ). This yields 

\VlT^\u £ )\ < S k E |V Pl ...V; fcUe | 2 + 
pi-.-Pk 

+ s k £ iv^.-.v^ai 2 

Pl...pfc-1 

+ s *3iT5=^ E |V^ 2 ...V^ £ | 2 . 

91 ,■ 
l<j<fc-l 

Summation over fc = 1 . . . m and integration yields for positive constants C' m 
E™(u £ ) < E™(u £ ) 

(3-108) + C' m (ch^f + ( V ||/ s ||^) 2 + £ £2(1+ L 3 ) ( V |I^H^. 

This may be turned into an energy inequality by Proposition 13.191 ()3.39ft and the 
information from section \'S. 1.61 Indeed, for each j, we have a positive constant A!- 
such that for small e 

(3.109) ( v |k||^ J 2 = f C\\u £ \\^ £ ) 2 dC<A' 3 f T ir (u UIC 

Inserting (|3. 109ft into (|3. 108ft therefore yields: 

E™ £ (u £ ) < E™ £ {u £ ) 

+ C' m C\\f e \\^-l) 2 + C^ [ E™ £ (u £ )dt 

m—1 



.7=1 



and the proof is finished. □ 



3.7. Bounds on energies via bounds on initial energies (Part D) 

If we apply Gronwall's Lemma to (|3.85ft we obtain: 
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Proposition 3.32. For each k > 1 there exist positive constants C' k ,C k \C' k ' 
such that we have for each e > and for each < t < 7, 



(3.110) 




Note that C" = ( this refers to the empty sum when k = 1 ) 



A direct consequence of the preceding proposition is the following statement: 

Proposition 3.33. Let < t < 7. If for each k, the initial energy (£$ e (u e )) e 
determines a moderate (resp. negligible) net of real numbers, then also 

( sup El e (u E )) E 
o<c<t 

is moderate (resp. negligible) for each k. 

Proof. The proof is inductive. The basis of induction is k = 1: In this case, 
the sum in the brackets of inequality (|3 . 1 1 0[) is empty, and since (/ e ) e is a negligible 
function (since it is the representative of zero), the net of real numbers ( v ||/ £ ||q e ) e 

is negligible. By the assumption, also (Eq~~ £ (u e )) e is moderate (resp. negligible). 
As a consequence of inequality (|3. 1 10|) . (sup 0< ^ <T E^ £ (u £ )) £ is moderate (resp. 
negligible) . 

The inductive step is similar: 
Assume for < j < k we know that (sup 0<( ^ <r E 3 * e (u e )) £ is moderate (resp. negli- 
gible). By assumption, (Eq £ (u £ )) £ is moderate (resp. negligible) as well. Further- 
more, (f e )e is a negligible function (since it is the representative of zero), hence 
the net of real numbers ( V ||/e||f2 T . e )e is negligible. By applying inequality (|3.110p 
we achieve that (sup <^< T E^ £ (u £ )) £ is moderate (resp. negligible) and we are 
done. □ 

3.8. Estimates via a Sobolev embedding theorem (Part E) 

In order to translate the bounds on the energies (E 3 - £ {u e )) back to bounds on 
the nets (u e ) e and its derivatives, we shall need the following "generalized" Sobolev 
lemma expressed in terms of the energies (E 3 . £ (u £ )). 

Lemma 3.34. For m > 3/2, there exists a constant K , a number N and an So 
such that for all 4> G C°°(f2 r ) and for all ( G [0, r] and for all e < £q we have 

(3.111) sup \<j>{x)\ < Ke~ n sup EP e (4>). 

x£S ( 0<(<T 

Before we prove the statement, we note that since the right hand side of (|3.111|) 
is independent of £, the statement is equivalent to 

(3.112) sup \4>(x)\ < Ks~ N sup E^ E {(j)). 
xef2 T o<c<t 

^ In the statement of 1491 . a typing error occurs, and instead of k, k — 1 is written. Fur- 
thermore, for to prove Proposition 13.351 it is not sufficient to have moderate resp. negligible 
nets (E* e (n e )) £ , but the supremum of the energies over all < £ < r must be moderate resp. 
negligible. 
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PROOF. By (pQ, Lemma 5.17), there exist^ a constant K such that for each 
< C < t we have for m > 3/2 

(3.113) sup \4>(x)\ < K\\<f>\\ m , 8( . 

xes c 

with ||0|| m ,s c , the three dimensional Sobolev norm on with the Volume form of 
M 3 , that is, 

rra,sr c = / X! I^pi • • ■d Pj 4>\ 2 dx l dx 2 dx z , 

J Sr Oi O ^ 



pi, 

0<j<r 



where partial derivatives are only taken with respect to space-variables, that is 
tangential to for each < £ < r. Note that the expression is not invariant for 
two reasons. The first is that partial derivatives are involved and not covariant 
derivatives. Secondly, the volume element of R 3 is taken. We shall, however, derive 
an estimate by invariant expressions, namely, the energies. 

Next, we introduce the determinant of the metric into the Sobolev norms. Note 
that on f2 7 , which is a compact set, the absolute value of the determinant of the 
metric \g E \ for sufficiently small e is bounded from below by a fixed power of e. This 
follows from invertibility of the metric. In our case, however, where the metric and 
its inverse locally are 0(1), there exists a positive constant C and a, eo £ I such 
that for all e < £q we have 

(3.114) \9e\^>C 

holds on f2 7 . Therefore, for small e and for all £, < ( < r, we have the estimate 

(3.115) H\\ m ,S ( < C- 1 f Y, \d Pl -.-d P] cj ) \ 2 \g £ \^dx 1 dx 2 dx\ 

0<3<m 

Clearly, this can further be estimated by the cruder three dimensional Sobolev norm 
which respects also time-derivatives. Therefore, we may estimate (|3.115[) 

by 

(3.116) VCe [0,r]Ve< £o : H\\ m ,S ( < C' 1 ( d U\\^ £ ). 
Inserting (|3.116[) into (|3.113[) yields the estimate 

(3.117) VCe [0,r]Ve<£ : sup \<f>(x)\ < KC^^UW^J. 

Finally we apply Proposition 13.191 twice, namely the estimates (|3.41[) and (|3.39|) . 
This yields a number N' such that for sufficiently small e and for all < C < t we 
have 

(3.118) sup \cj)(x)\ < £~ N ' E£ e (cj)). 

xES c 

On the right side of (|3.118p we may now take the supremum over £ G [0, r] and 
achieve 

(3.119) sup 1^)1 < e- N '( sup E£M)- 
xes c o<c<t 

□ 

The main statement of this section is the following: 



this follows from the fact that boundary of the paraboloid f! is Lipschitz 
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PROPOSITION 3.35. Let < r < 7. If for each k, (sup 0<c<r E^ e {u E )) E is 
moderate (resp. negligible), then (u E ) E satisfies moderate bounds (negligible bounds) 
on f2 T . 

PROOF. Inserting (u E ) E into (|3. 1 yields 

(3.120) sup \u e {x)\ < Ke~ N sup E 7 J\{u E ). 

i£S T 0<C<t 

Similarly, for higher derivatives of (u E ) E , one achieves bounds via higher energies: 

(3.121) sup \d Pl . . . d Pk d\u e {x)\ < Ke~ N sup E™+ k+ \u E ). 

xEit T 0<(<t 

a 

3.9. Existence and uniqueness (Part F) 

In this section we collect all the preceding material and prove a local existence 
and uniqueness result for the wave equation; this, however, is based on the specific 
choice of representative of the metric g a b- In the next section we show that the 
generalized solution does indeed not depend on the (symmetric) choice of the metric 
representative. 

To begin with, we note that the wave equation for the static representative 
written down in coordinates is time reversible, meaning: the differential equation 
(|3.24p is invariant under a transformation of the form t 1— > —t. In other words: If 
(u E (t,x 1 )) e is a solution of (|3.24[) for t < 0, also (u £ (— t, x l )) E solves (|3.24[) , however 
for t > 0. 

Therefore, similarly as in the above we may achieve estimates for (u E (t, x 1 )) 
for t < 0. The compact region on which the estimates are established we call 
£!_ r , < t < 7 which is the (time-)reflected fl T (cf. figure 3). It is, however, 
also possible to define the Sl T as in section [3.1.71 and apply Stokes' theorem, thus 
repeating the whole procedure on estimating of Part A to Part E, just with fl r 
rcplaced by f2_ r , < r < 7. 

We are now prepared to present the existence and uniqueness theorem for the 
Cauchy problem of the wave equation in our setting: 

Theorem 3.36. For each point p in £ there exists an open neighborhood V C U 
on which a unique generalized solution u £ Q(V) of the initial value problem i3.23\) 
exists. 

Even though there will be redundancies, we shall present a detailed proof of 
the theorem. 

Proof. Let (U, (i, x^)) be an open relatively compact static coordinate chart 
at p. By Theorem 13.161 we choose a representative (g £ ab ) e of the metric which is 
static for each e and which (for small e) satisfies the respective bounds according to 
the setting. Furthermore, a representative {e E ab ) e of e a b may be directly constructed 
from the representative {g e ab ) E of the metric. 

Under these conditions Proposition 13 . 1 91 may be applied. 

On the level of representatives the initial value problem (|3.23[) takes the form 
(|3.24| with (/ e ) e negligible, and (v E ) E , {w E ) E moderate. 
Part 1. Existence of a local moderate net of solutions 
The smooth theory then provides smooth solutions (u E ) E on U. 
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▲ t 




X 



Figure 3. Choice of the open set V for the existence result 



We first show that the net (u e ) e satisfies moderate bounds on f2 7 : Moderate 
data (v s ) s , (w £ ) £ translate by means of Proposition [3~.22l to moderate initial energies 
(Eq £ (u £ )) £ for each hierarchy k. Moreover, by means of Proposition l3~3"2l moderate 
initial energies [Eq e (it E )) E (k > 1) translate to moderate energies (E% £ (u e )) £ (k > 
1), where < r < 7, this is the statement of Proposition 13.331 Finally Proposition 
13.351 states that moderate energies (E* £ (u £ )) £ (k > 1, < r < 7) translate to 
moderate bounds of (u £ ) £ and of its derivatives of all orders on Q 7 . Due to the 

preceding introductory remark, estimates of the same kind hold on Q ,,. We pick 

an open subset V of 0_ 7j7 := fi_ 7 U 7 (see figure [33]) . Due to our considerations 
in the beginning of Part B (section [3. 5p . we have therefore established that (u e ) e is 
a moderate net on V. 
Part 2. Uniqueness of solutions 

We may now define a local generalized solution u on V by 

u := [(u e ) s ], 

the class of (u e ) e from Part 1. What is left to be shown is that the solution u does 
not depend on the choice of representatives of (/ e ) e , {w e ) e of / = 0,v,w. 

Let therefore (/ E ) e , (v £ ) £l (w £ ) £ be further representatives of / = 0,w,w, and 
let (u £ ) £ be the respective net of smooth solutions. 

Setting 

u £ := u £ - u e , f £ := f e - f s , v £ := v £ - v s , w £ := w £ - w £ , 



TO 
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we see that for each e > u £ is a solution of the initial value problem 

a £ u E = I 

u s (t = 0,x>*) = v E (x») 

Note, that here all the nets (f £ ) £ , {v £ ) £ , (w £ ) £ are negligible. What is left to show 
is that the net (u £ ) £ is negligible, as well; uniqueness of the above defined solution 
u is then obvious, since [(u e ) £ ] = [(u £ ) e ] = u. 

Negligible data (v e ) e , (w £ ) £ translate by means of Proposition [3?22l to negligible 
initial energies (Eq £ (u s )) s for each hierarchy k. Moreover, by means of Proposition 
I3.32[ negligible initial energies (Eq e (i%)) e (k > 1) translate to negligible energies 
(E* £ (u £ )) £ (k > 1), where < r < 7, this is the statement of Proposition 13.331 
Finally Proposition 13. 351 states that negligible energies (E* e (u £ )) e (k > 1, < r < 
7) translate to a negligible bounds of (u e ) e and of its derivatives of all orders on 
fiy. Due to the preceding introductory remark, estimates of the same kind hold on 
f2_ 7 . Due to our considerations in the beginning of Part B (section l3.5p . we have 
therefore established that (u £ ) £ is a negligible net on V. This proves uniqueness of 
the solution uonV. □ 



3.10. Dependence on the representative of the metric (Part G) 

So far, we have proved that on V C f2 7 U r2_ 7 , a unique solution to the initial 
value problem exists. We had, however, picked a specific symmetric representative 
(g e ab ) £ of the metric g a b (to be more precise, these are coordinate expressions of 
the metric components) and worked with one and the same all the time. It is, 
therefore, advisable, to show that the generalized solution u of the wave equation 
is independent of the choice of the representative of the metric. This is the aim of 
this section. 

There is only one further assumption we impose on the representatives (g e ab ) £ 
of the metric: they shall be symmetric (cf. the note in the end of the section). 
The initial value problem with respect to (g^bie is the following: 

(3.122) D e u £ = f £ 

u £ {t = 1 x a ) = v £ (x a ) 

d t u £ {t = 0,x a ) = w £ {x a ) 

Now, let {g £ ab ) £ be another symmetric representative of g a b- We call D £ the 
d'Alembertian operator induced by (g e ab ) £ - The initial value problem with respect 
to the latter reads quite similarly 

(3.123) D e u £ = f £ 

u £ (t = Q,x a ) = v £ (x a ) 

d t u £ {t = Q,x a ) = w £ (x a ). 

We may pause here for a moment and consider why Proposition 13.191 (and 
therefore all subsequent statements based on the latter) also holds true for the 
alternative choice {g e ab ) £ of metric representative: First, the difference between 
(9ab)e an d the static representative {g e ab ) £ (according to Theorem l3.16p is negligible 
by definition. As a consequence the difference between estimates established on 
compact sets and with respect to these different representative is negligible. Since 
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we only work on the compact region f2 7 , the estimates according to Proposition 
13.191 hold as well for other (symmetric) representatives of the metric and for small 
e; however, presumably with modified positive constants A, A' , Bk, B' k . 

The proof of Theorem l3.36l (Part 1) provides moderate solutions (u £ ) £ and {u £ ) £ 
of (|3.122|) and (|3. 1 23j) . It is only left to show that the difference (u £ ) £ := (u £ ) £ — (u £ ) £ 
is negligible on Q T . For this difference we have 

(3.124) 6 s u e = f £ -D £ u £ 

u £ (t = 0,x a ) = 

d t u £ (t = 0,x a ) = 0. 

In view of the proof of Theorem 13. 361 (Part 2) we only need to show that f £ — D £ u £ 
is negligible. To this end we first manipulate the right hand side of line 1 of (|3. 124ft 
as follows: 

(3.125) f £ - a s u £ = (f £ - D £ u £ ) + {D £ u £ - D £ u £ ) = U £ u £ - D £ u e , 

because (u £ ) £ solves (|3.122[) . Therefore the problem is reduced to showing that 
(O s u £ — O e u £ ) £ is negligible. We calculate the difference in local coordinates. We 
use | det gfA := \g £ \ = — g £ and for the sake of simplicity we further omit the index 
e. The difference then reads: 

(3.126) Uu - Du = (-g)-id a ((-g)?g ab d b u) - (-g)~i d Q ((-# g ab d b u) = 

[(~g)-^d a ((-g^g ab d b u) - (-g)~^d a ((-g)^g ab d b u)) + 

+ {{-g)-^d a {(-g)^g ab d b u) - {-g)-^d a {(-g)^g ab d b u)) = 

((-fl)"* - (-g)-^d a ((~g)?g ab d b u) + (-g)^d a ((-. 9 ) V - (-g) h 9 ab ) d b u 

The differences within the brackets of the last line of (|3. 126|) can easily be shown 
to be negligible. Indeed, since {g e ab — g e ab ) £ is negligible, also g £ — g £ is negligible, 
therefore, as can be seen by the following elementary algebraic manipulation, the 
difference 

(3.127) (- Se )-* 
is negligible. Also 



(3.128) 




is negligible. Plugging (|3. 127ft and (|3. 128ft into (|3. 126ft . we derive that (D £ u £ - 
D £ u £ ) £ is negligible, and by identity (|3. 125ft . (f £ ~ D £ u £ ) £ is a negligible net of 
smooth functions as well. This is the right hand side of the differential equation 
(|3. 124ft . Therefore, Part 2 of the proof of Theorem 13.36ft ensures that (u £ ) £ = 
(u e — u £ ) £ is negligible and we are done. 

It goes without saying that non-symmetric perturbations of the metric are not 
relevant. Another formulation of the latter would be the following: The present 
method for solving the initial value problem (|3.23ft basically lies in showing the 
existence result on the level of representatives given an arbitrary choice of repre- 
sentatives of the initial data as a well as a symmetric representative of the metric. 
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The resulting generalized solution does not depend on the choice of symmetric rep- 
resentatives of the metric and neither docs it depend on the choice of representatives 
of the initial data. 

3.11. Possible generalizations 

We finish this chapter by pointing out possible improvements of Theorem 13. 361 
concerning generality of the statement as well as reducing the list of necessary 
assumption on the metric as given in section [3.3.21 

First we conjecture that condition jiv]) in section [3.3.21 which guarantees ex- 
istence of smooth solutions on the level of representatives (that is with respect to 
each sufficiently small e-component of the representative of the metric) , presumably 
follows from condition (JTJ) . 

Moreover, we believe that the Cauchy problem (|3.23|) also admits unique so- 
lutions in the special algebra of generalized functions even if the condition are 
weakened to logarithmic growth properties of the metric coefficients. In this case, 
the constants A,A',Bk,B' k of Proposition 13.191 might depend on e, say A(e) = 
-Alog(e) with a positive constant A etc. . Therefore, a later application of Grown- 
wall's Lemma would yield moderate growth of energies of arbitrary order, since 

(e Al °^)s = {e A )e 

is moderate. 



CHAPTER 4 



Point values and uniqueness questions in algebras 
of generalized functions 

4.1. Point value characterizations of ultrametric Egorov algebras 

As already mentioned in the introduction, a distinguishing feature (compared 
to spaces of distributions in the sense of Schwartz) of Colombeau- and Egorov type 
algebras is the availability of a generalized point value characterization for elements 
of such spaces (see }38| . resp. [30] for the manifold setting). Such a characterization 
may be viewed as a nonstandard aspect of the theory: for uniquely determining 
an element of a Colombeau- or Egorov algebra, its values on classical ('standard') 
points do not suffice: there exist elements which vanish on each classical point 
yet are nonzero in the quotient algebra underlying the respective construction. 
A unique determination can only be attained by taking into account values on 
generalized points, themselves given as equivalence classes of standard points. This 
characteristic feature is re-encountered in practically all known variants of such 
algebras of generalized functions. 

It therefore came as a surprise when in a series of papers (|2l [3]) it was claimed 
that, contrary to the above general situation, in p-adic Colombeau-Egorov algebras 
a general point value characterization using only standard points was available. 
This chapter is dedicated to a thorough study of (generalized) point value charac- 
terizations of p-adic Colombeau-Egorov algebras and to showing that in fact also 
in the p-adic setting classical point values do not suffice to uniquely determine 
elements of such. 

In the remainder of this section we recall some material from ([2j [3]), using 
notation from [18] . Let N be the natural numbers starting with n = 1. For a fixed 
prime p, let Q p denote the field of rational p-adic numbers. Let 2?(Q") denote 
the linear space of locally constant complex valued functions on Q™ (n > 1) with 
compact support. Let further V{%) := P(Q") N . V(®%) is endowed with an 
algebra-structure by defining addition and multiplication of sequences component- 
wise. Let Af(Qp) be the subalgebra of elements {{fk)k} S ~P(Qp) such that for any 
compact set K C Q™ there exists an N G N such that V x G K V k > N : fk(x) = 
0. This is an ideal in T{%). The quotient algebra Q{%) := V(Q%)/Af(Q%) is 
called the p-adic Colombeau-Egorov algebra. Finally, so called Colombeau-Egorov 
generalized numbers C are introduced in the following way: Let C be the one-point 
compactification of C U {oo}. 

Factorizing A = C N by the ideal 1 := {u = (u k )k eA \ 3N G NV k > N : u k = 0} 
yields then the ring C of Colombeau-Egorov generalized numbers. We replace C 
by C and construct similarly C, the ring of generalized numbers: Clearly, C is not 
needed in this context, since representatives of elements / G G(Qp) merely take on 
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values in C N . Let / = [(fk)k\ £ G(Qp)- It is clear that for a fixed x £ Q™, the point 
value of f at x, [(fk{x))k] is a well defined element of C, i.e., we may consider / as 
a map 

(4.1) / : Q™ -> C : x^ f(x) := (f k (x)) k +1. 

Note that the above constitutes a slight abuse of notation: The letter / denotes 
both a generalized function (an element of G(Qp)) and a mapping on Q™. 
Finally, let A be a set and let R be a ring. For i? C A, 6 £ R we call the 
characteristic function of -B the map Xb,6 : A —t R which is identically 9 on B and 
which vanishes on A \ B. Furthermore, if 9 = 1 £ R we simply write xb = Xb,i- 

4.1.1. Uniqueness via point values and a counterexample. The follow- 
ing statement is proved in Theorem 4.4 of [3]: Let f £ G(Qp), then: 

f = 0m g(Qg) »VieQ;: f(x) = in C. 

However, inspired by ( |43j . p. 218) we construct the following counterexample to 
this claim, which shows that point values cannot uniquely determine elements in 
G(Qp) uniquely. For the sake of simplicity we assume that n = 1. 

Example 4.1. For any I £ N, set 

Bi := {x £Z p :\x-p l \< \p 2l \} £{x£l v : \x\ = \p l \\ . 

For any i £ N, we set f L := XBi- Clearly Bi n B } ■ = whenever i ^ j and since 
fx £ V(Q p ) for all natural numbers i, (fi)i is a representative of some / £ G(Q P )- 
Now, for any a £ Q p , f(a) = in C, since either a £ Bi for some i £ N (which 
implies that fj(a) = V j > i) or a £ Q P \U Bi, where each f z - (i £ N) is identically 
zero. Consider now the sequence (/3j)j>i £ N N C Zj, where $ = p l V i G N. It 
follows that fi(Pi) = 1 V i £ N. In particular, for K = Z p or any dressed ball 
containing 0, there is no representative (gj)j of / such that for some N > 0, 
9j = V j > iV. Hence / 7^ in £7(Q P ) although all standard point values of / 
vanish. 

Remark 4.2. By means of the above example we may analyze the proof of 
Theorem 4.4 in [3]. Let / be the generalized function from 14. ll As a compact set 
choose K := B <p -2(0) = p 2 Z p . For the representative (fk)k constructed in 14.11 
and x = we have N(Q) = 1, which in the notation of 0] means that for any 
k > 1 = iV(0), /fe(0) = 0. Also, recall that B 7 (a) is the dressed ball B< p -,(a). 
The "parameter of constancy" ([3j, p. 6) of f\ at x = 0, which is the maximal 
7 such that /1 is identically zero on -B 7 (0), is Zo(0) = —2. Now, there exists a 
covering of K consisting of a single set, namely Bj o ( O )(0). Thus we may replace 
the application of the Heine-Borel Lemma in [3] by our singleton-covering. But 
then the claim that (4.1) and (4.2) imply that for all k > N(0) — 1 we have 
f k (0 + x') = / fe (0) = Vsc' G K docs not hold. This indeed follows from the 
definition of the sequence {fk)k of locally constant functions from above, since for 
any k £ N we have fk(p k ) = L 

4.1.2. Egorov algebras on locally compact ultrametric spaces. In this 
section we investigate the problem of point value characterization in Egorov algebras 
in full generality: to this end we consider a general locally compact ultrametric 
space (M, d) instead of Q™, where M need not have a field structure. Our aim is to 
show that even in such a general setting, the respective algebra cannot have a point 
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value characterization, unless M carries the discrete topology. Denote by £d(M) 
the algebra of sequences of locally constant functions with compact support, taking 
values in a commutative ring R ^ {0}. Let Md{M) be the set of negligible functions 
{(/fc)fc} S £d(M) such that for any compact set K C M there exists an N £ N such 
that V x £ K V k > N : f k (x) = 0. The subset Af d {M) is an ideal in £ d {M) and 
the quotient algebra Q(M,R) :— £d(M)/J\fd(M) is called the ultrametric Egorov 
algebra associated with (Af, d). Furthermore, the ring of generalized numbers is 
defined by 1Z := R N / <~, where ~ is the equivalence relation on R N given by 

u ~ v in R N 44> 3 N £ N V k > N : u k - v k = 0. 

We callX(i?) := {w £ R N : w ~ 0} the ideal of negligible sequences in R. Analogous 
to (|4.1|) . for / £ Q(M,R) evaluation on standard point values is introduced by 
means of the mapping: 

(4.2) f-.M^TZ: x h-> f(x) := (f k (x)) k + 1{R). 

Definition 4.3. An ultrametric Egorov algebra Q(M : R) is said to admit a 
standard point value characterization if for each u £ Q (M, R) we have 

u = 0»Vi6M : u(x) = in K. 

Using this terminology, Example 14.11 shows that <?(Q™) does not admit a stan- 
dard point value characterization. The main result of this section is the following 
generalization: 

Theorem 4.4. Let (M, d) be a locally compact ultrametric space and let R ^ 
{0}. Then Q{M,R) does not admit a standard point value characterization unless 
(M, d) is discrete. 

Proof. The result follows by generalizing the construction of Example 14.11 
Assume (M, d) is not discrete, then there exists a point x £ M and a sequence 
(x n ) n of distinct points in M converging to x. We may assume that d(x 7 Xi) > 
d(x 7 Xj) whenever i < j. Define stripped balls (i? n ) n >i with centers (x n )n>i by 
B n := {y £ M \ d(x n ,y) < D ue to the ultrametric property "the strongest 

one wins" we have B n C {z \ d(x,z) = d(x n ,x)}, which further implies that for all 
i 7^ j {h j) £ N, the balls Bi, Bj are disjoint sets in M. Since R is a non-trivial 
ring, we may choose some 8 £ R \ {0}. Now we define a sequence (ft)k of locally 
constant functions in the following way: For any i > 1 set fi = XBi,e- Clearly, 
/ : = [ifi)i] £ G(M,R), and similarly to Example |4~T| for any a £ M, f(a) = in 
1Z. Nevertheless for the sequence (i„)„, which without loss of generality may be 
assumed to lie in a compact neighborhood of x, one has fi(xi) — V i > 1 which 
implies that / ^ in Q(M, R). □ 

Recall that a discrete topological space X has the following properties: 

(i) X is locally compact. 

(ii) Any compact set in X contains finitely many points only. 

Therefore we know that for a set D endowed with the discrete metric and for any 
commutative ring i?, the respective ultrametric Egorov algebra Q{D,R) admits a 
point wise characterization. We therefore conclude: 

Corollary 4.5. For a locally compact ultrametric space (M,d) and a non- 
trivial ring R, the following statements are equivalent: 

(i) Q (M, R) admits a standard point value characterization. 
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(ii) The topology of (M, d) is discrete. 

4.1.3. Generalized point values. In this section we give an appropriate 
generalized point value characterization in the style of ( [38] , pp. Theorem 2. 4) of 
G(M,R), where M is endowed with a non-discrete ultrametric d for which M is 
locally compact, and R ^ {0}. First, we have to introduce a set M c of compactly 
supported generalized points over M. Let £ = M N , the ring of sequences in M, 
and identify two sequences, if for some index N € N one has d{x n , y n ) = for each 
positive integer n, that is, x„ = y rl V n > N; we write x ~ y. We call M = £ j ~ 
the ring of generalized numbers. Finally, M c is the subset of such elements x G M 
for which there exists a compact subset K and some representative (x n ) n of x such 
that for some N > we have x n G K for all n > N. It follows that evaluating a 
function u G Q(M, R) at a compactly supported generalized point a; is possible, i.e., 
for representatives (x k ) k , (uk)k of a; resp. u, [(itfe is a well defined element of 



Proposition 4.6. In Q(M,R), there is a generalized point value characteriza- 
tion, i.e., 



Proof. The condition on the right side obviously is necessary. Conversely, let 
u G Q(M,R), ii / 0. This means that there is a representative (uk)k of u and 
a compact set K CC M such that Uk does not vanish on K for infinitely many 
fc G N. In particular this means we have a sequence (xk)k in K such that for 
infinitely many k G N, Uk(xk) =/= 0. Clearly this means that u(x) ^ in TZ, where 
we have set x := [(xfc)fc]. □ 

4.1.4. The ^-distribution. In 3 , Theorem 4.4 is illustrated by some exam- 
ples, to highlight the advantage of a point value concept in G{Qp). In this section 
we discuss the ^-distribution (Example 4.5 on p. 12 in [3]) and construct a gener- 
alized function / G G{Q P ) different from S which however coincides with S on all 
standard points in Q p . We first embed the ^-distribution in G(Qp) as in [3] (p. 9, 
Theorem 3.3) which yields i(6) = (5 k ) k +Af p (Q p ), where 5k(x) := p k Vl(p k \x\ p ) for 
each k, and ft is the bump function on M.q given by 



Evaluation of i(8) on standard points is shown in Example 4.5 of [3]. With c := 
(p k )k +1 G C one has: 



Let ip : N — > Z be a monotonous function such that limfc^oo <p(k) = oo, and such 
that the cardinality of U v := {k : tp(k) > k} is infinite. Consider an element / G 



g(Q p ) given by / := (f k ) k +N(Q P ) where for any k > 1, f k (x) := p k Vt{p^ k ) \x\ p ). 



Then the standard point values of i(6) and / coincide. Furthermore, they coincide 
on compactly supported generalized points x G Q p , c with the property that for any 
representative (x k ) k of x there exists an N G N such that V k > N : \x k \ p > 
p- mm{k,tp{k)} ^ smce m this case we have 6 k (x k ) = f k (x k ) = 0. However, there 



-R. 



u = 0in G(M, R) ^ V x G M c : u(x) =0 in K. 
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are compactly supported generalized points violating this condition which yield 
different generalized point values of l(S) resp. /: for instance, take the generalized 
point x := [(p k )k] € Q P)C - Then f(x ) ^ c, since 6 k := fk(xk) = for any k G U v 
and thus Ok = for infinitely many k £ N. But i(5)(xo) = c. 

4.2. Spherical completeness of the ring of generalized numbers 

Let (M, d) be an ultrametric space. For given x <E M, r € R + , we call B< r {x) := 
{K g M | d(x, y) < r} the dressed ball with center x and radius r. Throughout 
N := {1, 2, . . . } denote the positive integers. Let {x{)i G M N and {r{)i be a sequence 
of positive reals. We call (Bi) i} Bi := B< n (xi) (i > 1) a nested sequence of dressed 
balls, if n > ^2 > r3 . . . and Bi 3 Bj 3 ... . Following standard ultrametric 
literature (cf. [43j ) . nested sequences of dressed balls might have empty intersection. 
The converse property is defined as follows: 

Definition 4.7. (M, d) is called spherically complete, if every nested sequence 
of dressed balls has a non-empty intersection. 

It is evident that any spherically complete ultrametric space is complete with 
respect to the topology induced by its metric (using the well known fact that topo- 
logical completeness of (M, d) is equivalent to the property of Definition 14.71 with 
radii \ 0) . However, there are popular non-trivial examples in the literature, 
for which the converse is not true. As an example we mention the field of complex 
p-adic numbers together with its p-adic valuation considered as the completion of 
the algebraic closure of the field C p of rational p-adic numbers. Due to Krasner, this 
field has nice algebraic properties (as it is algebraically closed, and even isomorphic 
to the complex numbers cf. |43| . pp. 134-145), but it also has been shown, that C p 
is not spherically complete. This is mainly due to the fact that the complex p-adic 
numbers are a separable, complete ultrametric space with dense valuation (cf. [43], 
pp. 143-144). However, for an ultrametric field K, spherical completeness is nec- 
essary in order to ensure K has the Hahn Banach extension property (to which we 
refer as HBEP), that is, any normed K- vector space E admits continuous linear 
functionals previously defined on a strict subspace V of E to be extended to the 
whole space under conservation of their norm (cf. W. Ingleton's proof [24) ) . Since 
spherical completeness fails, it is natural to ask if the p-adic numbers could at least 
be spherically completed, i.e., if there existed a spherically complete ultrametric 
field fl into which C p can be embedded. This question has a positive answer (cf. 
[43]). The necessity of spherical completeness for the HBEP of K = C p is evident: 
even the identity map 

tp : C p — > C p , <p(x) := x 
cannot be extended to a functional tJj : Q — > C p under conservation of its norm 
\\ip\\ = 1 (here wc consider ft as a C p - vector space) Q 

The present work is motivated by the question if some version of Hahn-Banach's 
Theorem holds on differential algebras in the sense of Colombeau considered as 

■'"To check this, let Bi := B< r .(xi) be a nested sequence of dressed balls in C p with empty 
intersection. Then Bi := B< r .(xi) C Q have nonempty intersection, say fl 9 a € f s \'*L 1 Bi. 
Assume further, the identity ip on C p can be extended to some linear map %j) : Q — » C p under 
conservation of its norm. Then 

\4>(a) - Xi\n = |V»(a) - <t>{xi)\n < \\i/j\\\a - rr;| Cp = \a - Xi\ Cp , 
therefore ip(a) £ HSa which is a contradiction and we are done. 
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ultra pseudo normed modules over the ring of generalized numbers R (resp. C). 
Even though topological questions on topological C modules have been recently 
investigated to a wide extent (cf. C. Garctto's recent papers |15L 116] as well as 
a HBEP has not yet been established in the literature. 

The analogy with the p-adic case lies at hand, since the ring of generalized 
numbers can naturally be endowed with an ultrametric pseudo-norm. However, the 
presence of zero-divisor in R as well as the failing multiplicativity of the pseudo- 
norm turns the question into a non-trivial one and Inglcton's ultrametric version 
of the Hahn Banach Theorem cannot be carried over to our setting unrestrictedly. 

On our first step tackling this question we discuss spherical completeness of the 
ring of generalized numbers endowed with the given ultrametric (induced by the 
respective pseudo-norm, cf. the preliminary section). 

R first was introduced as the set of values of generalized functions at standard 
points; however, a subring consisting of compactly supported generalized numbers 
turned out to be the set of points for which evaluation determines uniqueness, 
whereas standard points do not suffice do determine generalized functions uniquely 
(cf. |34LI38| ). A hint, that R (or C as well), the ring of generalized real (or complex) 
numbers is spherically complete, is, that contrary to the above outlined situation 
on C p , the generalized numbers endowed with the topology induced by the sharp 
ultra-pseudo norm are not separable. This, for instance, follows from the fact that 
the restriction of the sharp valuation to the real (or complex) numbers is discrete. 

Having motivated our work by now, we may formulate the aim of this section, 
which is to prove the following: 

Theorem 4.8. The ring of generalized numbers is spherically complete. 

We therefore have an independent proof of the fact (cf. [16] . Proposition 1. 30): 

Corollary 4.9. The ring of generalized numbers is topologically complete. 

In the last section of this note we present a modified version of Hahn-Banach's 
Theorem which bases on spherically completeness of R (resp. C). Finally, a remark 
on the applicability of the ultra metric version of Banach fixed point theorem can 
be found in the Appendix. 

4.2.1. Preliminaries. In what follows we repeat the definitions of the ring 
of (real or complex) generalized numbers along with its non-archimedcan valuation 
function. The material is taken from different sources; as references we may recom- 
mend the recent works due to C. Garetto f |15l I16j ) and A. Delcroix et al. f [llj ) 
as well as one of the original sources of this topic due to D. Scarpalezos (cf. |12j). 
Let / := (0, 1] C R, and let K denote R resp. C. The ring of generalized numbers 
over K is constructed in the following way: Given the ring of moderate (nets of) 
numbers 

£ ■= {( Xe ) e e K 1 | 3 m : \x e \ = 0(e m ) (e -> 0)} 
and, similarly, the ideal of negligible nets in £(K) which are of the form 
N := {(x e ) e G K 1 | V m : \x s \ = 0{e m ) (e 0)}, 

we may define the generalized numbers as the factor ring K := £m/M. We define 
a (real valued) valuation function v : on £jy(K) in the following way: 

K(u e ) e ) : = SU P{ & e R | M = 0{e b ) (e 0)}. 
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This valuation can be carried over to the ring of generalized numbers in a well 
defined way, since for two representatives of a generalized number, the valuations 
above coincide (cf. |16j . section 1). We then may endow K with an ultra-pseudo- 
norm ('pseudo' refers to non-multiplicativity) | | e in the following way: |0| e := 0, 
and whenever x ^ 0, \x\ e := e~ u ( x \ With the metric d e induced by the above norm, 
K turns out to be a non-discrete ultrametric space, with the following topological 
properties: 

(i) (K, d e ) is topologically complete (cf. [16]). 

(ii) (K, d e ) is not separable, since the restriction of d e onto K is discrete. 
The latter property holds, since on metric spaces second countability and separabil- 
ity arc equivalent and the well known fact that the property of second countability 
is inherited by subspaces (whereas separability is not in general). 

In order to avoid confusion we henceforth denote closed balls in K by B< r (x) in 
distinction with dressed balls in IK which we denote by B< r (x). Similarly stripped 
balls and the sphere in the ring of generalized numbers are denoted by B <r {x) resp. 
S r (x). 

4.2.2. Euclidean models of sharp neighborhoods. Throughout, a net of 
real numbers (C e ) e is said to increase monotonously with e — > 0, if the following 
holds: 

V V ,r)'eI: (r? < rf C n > C^). 

To begin with we formulate the following condition: 
Condition (E). 

A net (C e ) e of real numbers is said to satisfy condition (E), if it is 

(i) positive for each e and 

(ii) monotonically increasing with e — ► 0, and finally, if 

(iii) the sharp norm is |(C E ) e | e = 1. 

Next, we introduce the notion of euclidean models of sharp neighborhoods of gen- 
eralized points: 

Definition 4.10. Let ieK,peK, r := exp(— p). Let further (C E ) e e K 7 be 
a net of real numbers satisfying condition (E) and let (x £ ) £ be a representative of 
x. Then we call the net of closed balls (B e ) e C K 7 given by 

B £ := B<c E ep(x £ ) 

for each e € / an euclidean model of B(x, r). 

Note, that every dressed ball admits an euclidean model: let (x e ) £ be a repre- 
sentative of x and define (C e ) e by C £ := 1 for each e E I; then B<c e ep(x 6 ) yields 
determines an euclidean model of B< r (x). 

We need to mention that whenever we write (Bs) s C (i?! 2 ') e , we mean the inclu- 

— (2) 

sion relation C holds component wise (that is for each e £ I), and we say (B £ ) e 
contains (Be) e . 

The following lemma is basic; however, in order to get familiar with the concept of 
euclidean neighborhoods, we include a detailed proof: 

Lemma 4.11. For x € K, r > 0, let (B e ) e be an euclidean model for B< r (x) 
and setp = — logr. Then we have: 



so 
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(i) Any y G B <r (x) has a representative {y £ ) £ such that y s £ B £ for each 
eel. 

(ii) There exist y G S r (x) := {x' G IK : \x' — x\ = r} which cannot be caught 
by representatives lying in (B £ ) £ . However one may blow (B £ ) £ always up 
to a new model (B £ ) £ which contains some representative of y, i.e., there 
exists a net (D £ ) e satisfying Condition (E) such that for C £ := C s D e , 
B £ := B <( j e p(x e ) yields a model containing some representative of y 

(iii) In any case, it can be arranged, that d(dB £ ,y £ ) > %-£ p for each e G I, 
for some model (B £ ) £ of B< r (x) containing (B £ ) £ . 

Proof. (JTJ) : By definition of the sharp norm, \y — x\ e < r is equivalent to the 
situation, that for each representative (y £ ) £ of y and for each representative (x £ ) £ 
of x, we have 

sup{6 G K | \y e - x e \ = 0(e b )(e -> 0)} > p, 

and this implies that there exists some p' > p such that for any representative (y £ ) £ 
of y and any representative (x £ ) e of x we have 

\Ve - x £ \ = o(e p '), e^O. 

This further implies that for any choice of representatives of x resp. of y, there 
exists some rj G / with 

(4.3) \ye-x £ \<e p ' 

for each e < n. Since C £ > for each e € I and C £ is monotonously increasing 
with e — > 0, we have e p < C £ e p for sufficiently small e, therefore, a suitable choice 
of y £ , for e > rj, yields the first claim (for instance, one may set y £ :— x £ whenever 
£>??)■ 

We go on by proving For the first part, set 

y £ := 2C £ e p + x £ 

Let y denote the class of (y £ ) £ - It is evident, that y G B< r {x). However, (y £ ) ^ B £ 
for each e £ I. Indeed, 

V e G / : \y £ - x £ \ = 2C £ e p > C £ e p , 

since C £ > for each e. We further show, that the same holds for any representative 
(y e ) e of y for sufficiently small index e. Indeed, the difference of two representatives 
being negligible implies that for any > we have 

y £ -y £ = o(e N ) (e 0). 

Therefore, for N > p and sufficiently small e, we have: 

\Ve - Ve\ >\\Ve- Ve\ ~ \Ve - X e \\ > 2C £ E P - E N > hj £ E P > C £ S P . 

Therefore we have shown the first part of Ipl]). Let y G S r (x). We demonstrate 
how to blow up {B £ ) £ to catch some fixed representative {y £ ) £ of y. Since \y — x\ = 
er p = r, there is a net C' £ > (|(C^) E | e = 1) such that 

VeG/: \ye-x e \=C e e" 

Set C'J = max^> e {l, C^}. This ensures that (C'J) is a monotonously increasing 
with e — > 0, above 1 for each e G /, and |(C")| e = 1 is preserved. Define B' £ := 



4.2. SPHERICAL COMPLETENESS 



81 



B<c e C'jep{x £ ). Then (B' e ) e is a new model for B< r (x) containing the old model 
and (j/e) e as well, since the product C £ C' E ' has the required properties, and 

\y s -x e \ < C'Je" < C'^C e e p 

and we are done with |u|) . 

Proof of Im]) : So far, we have shown that for each y £ B< r (x), there exists an 
cuclidcan model (-B<c E eP ( x s)) of B< r {x) such that for some representative (y s ) s of 
y £ B< r (x) we have 

Ve£l:y e £B E . 

Therefore, by replacing C e by 2C £ above, again a model for B< r (x) is achieved, 
however with the further property that \y e — x e \ < C £ /2e p for each e £ I which 
proves our claim. □ 

Before going on by establishing the crucial statement which will allow us to 
translate decreasing sequences of closed balls in the given ultrametric space K to 
decreasing sequences of their (appropriately chosen) euclidean models, we introduce 
a useful term: 

Definition 4.12. Suppose, we have a nested sequence (-Bj)i^i °f closed balls 
with centers Xi and radius in K and for each i £ N we have an euclidean 
model (Bg ) e . We say, this associated sequence of euclidean models is proper, 
if ((Be^) s J is nested as well, that is, if we have: 

(Bi%D(B(%D(BP) s D.... 

4.2.3. Proof of the main theorem. In order to prove the main statement, 
we proceed by establishing two important preliminary statements. First, a remark 
on the notation in the sequel: If a sequence of points in the ring of generalized 
numbers, is considered, then (x e ) s denote (certain) representatives of the Xi's. 
Furthermore, for subsequent choices of nets of real numbers (Cg ) e , and positive 
radii r», we denote by pt the negative logarithms of the rVs (i = 1, 2, . . . ,) and the 
euclidean models of the balls B< ri (xi) with radii r\ := C^ 1 e Pi to be constructed 
are denoted by 

We start with the fundamental proposition: 

Proposition 4.13. Let xi, xi £ K, and rr, T2 he positive numbers such that 
B< ri (xi) 2 B< r2 (x2). Let (a;^ 1 ^ be a representative of x\. Then the following 
holds: 

(i) There exists a net (C^) e satisfying condition (E) such that for each 
e£l 

(4.4) 4 2 >ej^ c ( 1)eM (4 1 )). 

— 2 

(ii) Furthermore, for each net (C £ ) s satisfying condition (E) there exists an 
ep 1 ' £ I such that for each e < £ I we have C B^ . 

PROOF. Proof of (0): Let (x e 2 ) e be a representative of xi. We distinguish the 
following two cases: 
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(i) X2 € S ri (xi), that is, \x2 — xi\ e = v\. Let (x e ) e be a representative of 
ar 2 . Define Cf 5 := \xi 1} - x¥ ] \. Now, set cf' := 2 rnax^d, 1 ' |t? > e},l). 
Then not only cl > for each parameter e, but also the net CP > 
is monotonically increasing with e — > 0, furthermore (|4.4|) holds, and we 
are done with this case. 

(ii) X2 S ri (xi), that is. \x2 — x±\ e < r\. Set, for instance, CP = 1. For 

(2) 

each representative (x^ ) e of £2 it follows that 

and a representative satisfying the desired properties is easily found. 
Proof of flli]): 

To show this we consider the asymptotic growth of (Cl 1 "*),., (Cl 2 ^, e Pl , e P2 as well 
as the monotonicity of cP: let y £ B <C (2 >£P2 {xe )■ Then we have by the triangle 
inequality for each e G I: 

(4.5) |y - ^)| < \y - x&\ + \x^ - x™\ < C^e" + 

We know further that by the monotonicity Ve € / : c| > Cg 1 ^ := Co so that 

r (2) 

(4.6) -4-e p2 " pl < CoC^e" 2 -" 1 . 

(2) 

Moreover, since the sharp norm of C £ equals 1, for any a > we have 

C^=o{e- a ), (e-0). 

which in conjunction with the fact that p2 > pi allows us to further estimate the 
right hand side of (|4.6[) : Obtaining 

r (2) 

= 0(1), ( e _> o), 



CP 



(i). 



we plug this information into (|4. 5|) . This yields for sufficiently small e, say £ < e 

(4.7) |,_4i)|<^_^ + ^_^ = C «^; 

the proof is finished. □ 

Proposition 4.14. Any nested sequence of closed balls in K admits a proper 
sequence of associated euclidean models. 

Proof. We proceed step by step so that we may easily read off the inductive 
argument of the proof in the end. 

We may assume that for each i > 1, r; > r,-+i. Define pi := — log(r,) (so that 
Pi < Pi+i for each i > 1). 
Step 1. 

Choose a representative (a^ 1 ) e of xi. 
Step 2. 
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Due to Proposition 14. 131 © we may choose a representative (x £ ) £ of X2 and a net 
(Ci 1 ^ of real numbers satisfying condition (E) such that such that for each e £ I 

x™€B « Kn (xW). 

— 2 

Denote by £ I be the maximal e such that the inclusion relation C Be 
as in (cf. dTTJ) of Proposition l¥7T5|) holds. 
Step 3. 

Similarly, take a representative (£4 ) e of X3 and a net {Ce ) e of real numbers 
satisfying condition (E) such that such that for each e € I 

(4.8) x^eB , 2)eP2 (xf ). 

— 2 

We show now, how to adjust our choice of x e ,Ce such that condition (E) as well 
as the inclusion relation (|4.8[) is preserved, however, we do this in a way such that 
we moreover achieve the inclusion relation 

(4.9) 3^ C 

for each e (for sufficiently small parameter this is guaranteed by the proceeding 
proposition). 

For s > Eq we leave the choice unchanged, that is, we set 

x< 3 > :=xf\ Cf) :=Cf>; 

for e < Eq 1 ', however, we set 

(4.10) x e 3) := xf\ C< 2 > := min^e" 1 "* 

(2) 

Therefore, (Ce ) e still satisfies condition (E), since it is still positive and monoton- 
ically increasing with e — > 0, furthermore we have only modified for big parameter 
e, the asymptotic growth with e — » therefore remains unchanged (and so does the 
sharp norm of (Ce ) e , which it is identically 1). Next, it is evident that 

x^eB (xf). 

— 2 

still holds for each e £ I. Finally, by (|4.10p it follows that the inclusion relation 
(|4.9p holds now for each e £ I. For the inductive proof of the statement one formally 
proceeds as in Step 3. Let k > 1. Assume we have representatives 

and nets of positive numbers 

(C«) e ,(l<j<fc), 
satisfying condition (E), such that for each e £ I we have: 

and for some Eg 8-1 ^ we have for each s < Eg 5 
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Furthermore we suppose the following additional property is satisfied: For each 
e E I we have: 

4 k+1) eB (*«), 

where pfc := — logr^. In the very same manner as above, we may now find a 
representative (x e k+2 ^) £ of Xfc+2 and a net of numbers (Ci fe+ ) e satisfying condition 
(E) such that the above sequential construction can be enlarged by one (k — > 
fc+1). □ 

The preceding proposition is a key ingredient in the proof of our main statement 
Theorem OJ 



PROOF. Let (B i )°^ 1 , B{ := B< Ti (xi) (i > 1) be the given nested sequence of 
dressed balls; due to Proposition 14. 141 there exists a proper sequence of associated 
euclidean models 

(B^) £ 

such that for representatives (x £ )e of Xi (i > 1) the above nets are given by 

flW:=£< o ( 0eM (a£>), Pi :=-logri, C«eR + 

for each (e, i) E 7 x N. Since K is locally compact, for each e G 7 we may choose 
some i E £l such that 

oc 

1=1 

since for each e € 7 we have fil 15 D 74 2) 2 ■ ■ ■ • Since the sequence of euclidean 
models of the Bi's is proper, for each e E I further holds: 

\x c -x®\<C®e». 

This shows that not only the net {x e ) e is moderate (use the triangle inequality), 
but also gives rise to a generalized number x := (x e ) e +Af(K) with the property 

\x ~ Xi\ e < n 

for each i. This shows that 

oo 

x e f| % + 

»=1 

which yields the claim: K is spherically complete. □ 

4.2.4. A Hahn-Banach Theorem. Let 7 be a subfield of K such that v e 
restricted to L is additive. Let E be an ultra pseudo-normed 7-linear space. We 
call ip an L- linear functional on E, if tp is an L- linear mapping on E with values 
in K. ip is continuous if 

\ <p\ ■= SU P ^jrir < o° 

0#x6E |f|| 

and the space of all continuous 7-linear functionals on E we denote by E' L . 

Remark 4.15. Note that nontrivial subfields L of K exist. For instance, one 
may choose K(a) with a — [(e) e ] S K or its completion with respect to | | e -the 
Laurent series over K. 



4.2. SPHERICAL COMPLETENESS 



85 



Having introduced these notions we show that following version of the Hahn- 
Banach Theorem holds: 

Theorem 4.16. Let V be an L-linear subspace of E and (p G V L . Then tp can 
be extended to some ip G E' L such that \\ip\\ = \\ip\\. 

Proof. We follow the lines of the proof of Ingleton's theorem (cf. 1241 ) in the 
fashion of (23], pp. 194-195). To start with, let V be a strict L-linear subspace of 
E and let a e E \ V . We first show that tp G V' L can be extended to ip e (V + La)' L 
under conservation of its norm. To do this it is sufficient to prove that such ip 
satisfies for each x G V: 

(4.11) U(x-a)\\ < \\x-a\\ 

\\tp(x) - i'(a)\\ < \\ip\\ ■ \\x- a\\ =: r x . 

To this end define for each x in V the dressed ball 

B x := B< rm ((p(x)). 

Next we claim that the family {B x | x £ V} of dressed balls is nested. To see this, 
let x,y £ V. By the linearity of tp and the ultrametric (strong) triangle inequality 
we have 

\p{x)-p(y)\ < \\p\\ ■ \\x-y\\ < ||^||max(||x-a||,||y-a||) =max(r x ,r y ). 

Therefore we have B x C B y or B y C B x or vice versa. According to Theorem 14.81 
IK is spherically complete, therefore we may choose 

ae f]B x 

and further define tp(a) := a. Due to (|4.11[) and the homogeneity of the sharp norm 
with respect to the field L we therefore have for each z £ V and for each Aei, 

\yj(z - \a)\ = |A| • Mz/\ - a)\ < \X\r z/x = \X\\\p\\ ■ \\z/X - a\\ = \\<p\\ ■ \\z - \a\\ 

which shows that tp is an extension of tp onto V + La and \\ip\\ = \\ip\\. 

The rest of the proof is the standard one-an application of Zorn's Lemma. □ 

Let £ be a ultra pseudo-normed K module and denote by E' all continuous 
linear functionals on E. We end this section by posing the following conjecture: 

Conjecture 4.17. Let V be a submodule of E and let <p € V . Then <p can be 
extended to some element ip G E 1 such that \\ip\\ = \\<p\\. 

Appendix. Finally, it is worth mentioning that apart from the standard Fixed 
Point Theorem due to Banach, a non-archimedean version is available in spheri- 
cally complete ultrametric spaces ( therefore, also on K, cf. [41] . and for a recent 
generalization cf. |42j ): 

Theorem 4.18. Let (M,d) be a spherically complete ultrametric space and 
f : M — ► M be a mapping having the property 

\/x,y&M:d{f{x),f{y))<d{x,y). 

Then f has a unique fixed point in M . 
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4.3. Scaling invariance in algebras of generalized functions 

Recent research in the field of generalized functions increasingly focuses on 
intrinsic problems in algebras of generalized functions. This is emphasized by a 
number of scientific papers on algebraic (cf. [5] ) and topological topics (cf . [Ill 1121 

In this chapter we investigate scaling invariance of generalized functions. We 
prove that a generalized function on the real line which is invariant under posi- 
tive standard scaling has to be a constant. Also, we add a couple of further new 
characterizations of locally constant generalized functions to the well known ones. 
Our proof is partially based on the solution of the so-called " Lobster problem" . It 
was at the International Conference on Generalized functions 2000 (April, 17-21) 
that Professor Michael Oberguggenberger offered a lobster for the answer to the 
question: "Are generalized functions which are invariant under standard transla- 
tions, merely the constants?" A (positive) answer to the latter was first given by 
S. Pilipovic, D. Scarpalezos and V. Valmorin in [40| and an independent proof has 
recently been established by H. Vernaeve [48] . 

Note that there is also an evident link between the present work and that of S. 
Konjik and M. Kunzingcr dealing with group invariants in algebras of generalized 
functions I [251 126) ) which are also partially based on the solution of the Lobster 
problem. 

4.3.1. Preliminaries. The setting of this chapter is the special algebra Q{R d ) 
of generalized functions (cf. the introduction). 

To start with we shortly review the specific concepts resp. methods we are 
going to employ in the sequel: association and integration of generalized functions, 
generalized points and sharp topology as well as continuity issues with respect to 
the latter. For the sake of simplicity we set d = 1. For the generalized point value 
concept in algebras of generalized functions introduced by M. Kunzingcr and M. 
Oberguggenberger in [38], we refer to the introduction. Next, let us recall the 
so-called sharp topology on the ring of generalized numbers: 

4.3.1.1. The sharp topology on R. The - maybe most natural - topology on the 
ring of generalized numbers is the one which respects the asymptotic growth by 
means of which they are defined. Define a (real valued) valuation function v on 
£a/(R) in the following way: 

v({u e ) e ) := sup {b e R | \u £ \ = 0(e b ) (e -> 0)}. 

This valuation can be carried over to the ring of generalized numbers in a well 
defined way, since for two representatives of a generalized number, their valuations 
coincide (cf. [161 . chapter 1). We then may endow R with an ultra-pseudo-norm 
('pscudo' refers to non-multiplicativity) | \ e in the following way: |0| e := 0, and 
whenever x ^ 0, \x\ e := e~ u ( x >. With the metric d e induced by the above norm, 
R turns out to be a non-discrete ultrametric space, with the following topological 
properties: 

(i) (R, de) is topologically complete (cf. [16)). 

(ii) (R, d e ) is not separable, since the restriction of d e onto R is discrete. 
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The latter property holds, since on metric spaces second countability and separabil- 
ity are equivalent and the well known fact that the property of second countability 
is inherited by subspaccs (whereas separability is not in general). 

4.3.1.2. Continuity issues. In ([4]) Aragona et al. develop a new concept of 
differentiability of generalized functions / viewed as maps / : R c — > R, a concept 
which is compatible with partial differentiation in Q(M. ) and evaluation of functions 
at generalized points. We need not recall this in detail; we only mention one notable 
consequence which we will make use of subsequently: 

Fact 4.19. If f : R c — » R is induced by a generalized function, then f is 
continuous with respect to the sharp topology on R c . 

4.3.1.3. Integration of generalized functions. Generalized functions may be in- 
tegrated over relatively compact Lebesgue measurable sets. We recall an elementary 
statement (this is Proposition 1.2.56 in [18] ): 

Fact 4.20. Let M be a Lebesgue-measurable set such that M CC R and take 
u 6 Q(M). Let (u e ) s be a representative of u. Then 



u(x)dx := I / u e {x)dx\ + Af 

M \JM J £ 

is a well-defined element o/R called the integral of u over M. 

Also, we are going to need the 'antiderivative' F of a generalized function. Let 
/ £ G(R)- This we introduce by 



F(x) := ^ f(s)ds := ^ f s (s)ds) + Af(R) 6 G(R) 

where (/ e ) e is an arbitrary representative of /. Note that F is the primitive of / 
with point value F(0) = in R (cf. Proposition 1.2.58 in [18]). 

4.3.1.4. The concept of association. Finally we recall the concept of association 
in R and in Q(R d ). First, let a £ R. We write a ss and we say "a is associated 
to zero", if for some (hence any) representative (a £ ) e we have 

a e — * whenever e — > 0. 

Similarly, we say u € Q(R n ) is associated with zero, if for each test function <fi we 
have 

J u e (x)<p(x) dx n — * whenever e — > 0. 

The relation w is an equivalence relation on R resp. G{R d )- By slightly abusing the 
above terminology we write u as w, w E T>'(R d ) and say "u is associated with w n 
(or , "w is the distributional shadow of u"), if we have 

J u e (x)4>(x) dx n — > {w,(j)) whenever e — > 0. 

It is a well known fact that a generalized function u has at most one distributional 
shadow (cf. [18] . Proposition 1.2.67). 
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4.3.2. Generalized functions supported at the origin. To start with we 
establish a basic lemma: 

Lemma 4.21. Let f G G(M) be a non-negative function with supp(/) C {0}. If 
for some a > we have 



then f = 0. 

Proof. We present two variants of the proof: 
First Proof. 

It has been shown recently (cf. [37]) that if for a generalized function / we have 
for all ip G <? C (R) (the space of compactly supported generalized functions) 



then / = in Q(M). This is the so-called fundamental lemma of the calculus of 
variations in the generalized context. Now we have by the non-negativity of /, 



therefore by the above we have / = in Q(M) and we are done. 
Alternative Proof. 

This proof employs continuity arguments of generalized functions with respect to 
the sharp topology. In view of the first proof this may also yield a link between the 
fundamental lemma of variational calculus (in the generalized setting) and (sharp) 
topological issues. For our (indirect) proof we proceed in three steps. 
Step 1. 

Since / is non-negative and K := [—a, a] CC R is a compact set, we may choose a 
representative (f £ ) £ of / which is non-negative on K, that is, (f £ ) £ satisfies: 



Assume / ^ in Q(WL). Due to (cf. subsection 1 1 . 2 . . lj) . there exists a compactly 
supported generalized point x c G R such that f{x c ) = c ^ 0. From our assumption 
on the support of / (supp(/) C {0}) it is further evident that x c f=a 0; this informa- 
tion, however, is not crucial for what follows). 
Step 2. 

Let (x £ ) £ be a representative of x c . We shall prove the following: 

(4.12) 3 e k - 3 m 3 p Q V k V y k G [x £k - e£,x eh + e p k °] : f £k (y k ) > £ ™° ■ 

To see this, we first observe by means of Step 1 that there exists a zero sequence 
e k and a real number mg such that for each k > we have f £k (x £k ) > 2e™° (we 
shall take this zero sequence as the one of our claim). Next, we employ a continuity 
argument to prove (|4.12| . Recall that / viewed as a map / : R c — > R is continuous 
with respect to the sharp topology (cf. subsection 14.3. 1 .5]) . Assume that (|4.12[) 
is not true. Then for each m and for each p there exists a sequence (yk)k with 
yk G [x £k — erf, x £k + e£] for each k such that 






V x G K V e > : f e > 0. 



(4.13) 



< f £k (y k ) < e' k " 
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Ik 



(the first inequality holds because we may assume without loss of generality that 
everything takes place inside [—a, a], where we have found a non- negative represen- 
tative of /). Define a (compactly supported) generalized number y := (y E ) e + J\f 
via 

\y k , if e = £ fc 
1 x £ , otherwise 
Then we have for sufficiently small m 

\f ek (x ek )-f Ek (y ek )\>^r-zT>zr, 

whereas for e ^ Ek we have by the above construction that f e (x £ ) — f e (y s ) = . In 
terms of the sharp norm | | e we therefore have: 

\f(x c )~f(y)\ e >e- m o ; 
by our assumption, however, it follows that 

\x c - y\e < e~ p0 . 

The choice of p was arbitrary, and p — > violates the continuity of / at x c - Therefore 
we have established (|4.12|) . This we apply in the third and final step: 
Step 3. 

For sufficiently large k we obtain 

(4-14) f f ek (y)dy>e™°(2e p k ) = 2e? +m °. 

J [ — a, a] 

Since (jj_ a a j fe(y)dy^ is a representative of /(/), inequality (|4.14|) contradicts 

our assumption /(/) = (the representative not being a negligible net) and we are 
done. □ 

A further ingredient in the subsequent proof of our main result is the ele- 
mentary observation that generalized scaling invariant functions / £ 0(M) with 
support contained in the origin have to be identically zero. To motivate our proof, 
we first analyze the-maybe- simplest non-trivial example: a generalized function p 
associated with a distribution supported at the origin, say S. In this situation in- 
variance under standard scaling is absurd: Assume we are given a standard mollifier 
p £ C£°(M.), that is J R p(x)dx = 1. Then p e : (\p{^)) e gives rise to a generalized 
function p := [(p e ) e ] G Q(J&) and, as it is well known, we have: 

p&6, that is, yip G C C °°( K ) : lim(pe, <p) (5, f) = <p(0). 

£—►0 

Consider now, h ^ 0, 1 and assume the identity p(hx) = p(x) holds in £7(R). This 
in particular means that 

p=[{p e {hx)) e ] in g(R) 
holds as well. But for each ip £ C£°(M), y(0) ^ we have 

lim(p E (hx),ip(x)) -> -<p(0) ^ (6,ip) 

therefore p has more than one distributional shadow, namely 5, hS, for arbitrary 
h 7^ which is impossible! We may now present the statement in full generality: 



2 Of course, 8 is scaling invariant, however, in the sense that 

{S(*h),ip) := (S,ip(*h)). 
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Proposition 4.22. Assume f E G(R) has the following properties: 

(i) / is invariant under positive standard scaling. 

(ii) supp(/) C {0}. 
T/iera / = in G(R). 

Proof. Assume / E Q(M.) satisfies the assumption of the proposition and 
without loss of generality we further assume / > (otherwise, take f 2 instead of 
/). Let (/ e ) e be a representative of / and a > 0. Since / is supported at the origin, 
the integral 

/(/):=/ f(x)dx:=l[ f e (x)dx) + ATeR 

J[-a,a] \J[-a,a] J 

is well defined, that is, the value /(/) is independent of the choice of a > resp. of 
the representative of /. Further, for each h ^ 0, 1 and each e > we have: 

f f s (xh)dx = - I fe{s)ds. 

J[-a,a] n J[-ah,ah] 

The scaling invariance of /, therefore, which in terms of representatives reads 

(f E (x)) e - (f e (hx)) e = (n e (x)) E e Af(R), 
combined with the fact that / is supported in the origin, yields 

/(/) = ~I{f) ^ i. 

Since /i ^ 0,1 this implies /(/) = 0. Now we may apply Lemma 14.211 to the 
non-negative function /, and we obtain / = 0. □ 

4.3.3. The main theorem. We are now ready to state the main theorem: 

Theorem 4.23. Let f e £(R). The following are equivalent: 

(i) f is constant, that is, there exists an a € R such that f = a holds in 

gjM). 

(ii) / is constant. 

(hi) / is locally constant. 

(iv) / is translation invariant, that is V/i £l:/(i+li) = f( x ) holds in Q(M). 

(v) / is invariant under positive standard scaling, that is, 

V/i£l + : f(hx) = f(x). 

(vi) F is additive, that is, V/i E K : F(x + h) = F(x) + F(h) holds in Q(R). 

(vii) F is additive, that is, 

Vx c , h c EM.: F(x c + h c ) = F(x c ) + F(h c ) 
holds in K. 

In terms of the model delta net above this refers to the following 'scaling': 

p s {x) ^> hp £ (hx), h 7^ 
and for each h ^ the 'scaled' object is associated to 5 as well; furthermore even the identity 

p(x) = hp(hx) 
holds in Q(M) (cf. the proof of Proposition [47221 . 
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(viii) F has the following property: There exists 7 G (0, 1) such that the iden- 
tity: 

(4.15) V/ieR: F( 7 x + (1 - j)h) = jF{x) + (1 - j)F(h) 
holds in Q(M). 

Proof. Wc establish the implications Jm]) =>■ ([!])=► ^ =^(|Iii]) as well as 
(jviiip =» <$v§ => =>■ (jviiip and the equivalences (P^dy]]), (P<^(jvj). To begin with, as- 
sume (pU|) . that is / is locally constant. We show the implication by applying 
the generalized differential calculus for Colombcau generalized functions evalu- 
ated on generalized points as has been developed by Aragona et al. in ([4]). Let 
k : — > R Rc be the linear embedding of generalized functions into mappings on 
compactly supported points due to [38j . Due to ([4], Theorem 4.1) differentiation 
in Q(M.) resp. in R Rc commute with k. Clearly k(/) is differentiable with derivative 
«(/)' = 0, and as just mentioned, n(f') = k(/)' = 0, therefore, due to the general- 
ized point characterization in Q{M) ([38]) we have /' = in Q{M) and integrating 
yields (0) that is, / is constant as a generalized function. The latter immediately 
implies (JuJ) by evaluating / on compactly supported generalized numbers and the 
implication (|u]) ^ (fm|) is trivial. 

Next, let 7 G (0, 1) and assume (j4.15p holds for F. Differentiating yields 

V/i £ R : /( 7 x + (1 - j)h) = f{x) holds in £(R). 
This is equivalent to 

(4.16) V/i G R : f(x + h) = fii^x) holds in 0(R). 
Setting h = shows that f{x) = fi'j x) in Q(M.) which further implies 

(4.17) Vh £ R : f(x + h) = f(x) holds in £(R), 

i. e., / is translation invariant. This proves (pv| . The implication (|rv|) =»((H) is proven 
in f |40j . Theorem 6); for an alternative proof cf. the appendix to [48] . Since f = a 
implies F = ax in £7(R), the implication ([!))=> (jviiip holds. 

Further we establish the equivalence (|T])<^> ([vT]) . Again Q implies that F is of the 
form F = ax with some generalized number a, therefore (jvT|) holds. Conversely, 
assume that f satisfies 

F(x + h) = F(x) + F(h) holds in £(R) 

for each h £ R. Differentiation yields 

yh G R : f(x + h) = f(x) holds in C/(R) 

and by the above this implies Q. Finally we establish the equivalence (0)<=>(jvj). 
Since (Q)=>(jvj) is trivial, we only need to show (|I])<^(jvj): 

Note that without loss of generality we may assume that / is symmetric (or equiv- 
alently, / is invariant under any non-zero standard scaling). Indeed, if / is not, we 
may introduce the two functions g± resp. f± given via 

g + (x) := fl(x) := (f(x) + f(-x))\ g.{x) := f_(x) := (f(x) - f{-x)f. 

If for generalized constants c\,C2 we would have c/+ = ci,<7_ — C2, then for some 
generalized constants d\ , d2 we would have /+ = d\ , /_ = <f 2 , therefore 

x ._ f+{x) + f-(x) _ d X +d 2 



92 



4. POINT VALUES & UNIQUENESS QUESTIONS 



that is, / is a constant, and we would be done. 

We may proceed now in two different ways: the first is a variant of H. Vcrnaeve's 
([48]) proof of the Lobster problem. 
First proof. 

We distinguish the two possible cases, '/ is constant in a neighborhood of 1' or not. 
Case 1 

Assume first, there exist a neighborhood Q := (1 — 6, 1 + 6) of 1, S > and c£l 
such that / = c on f2. Since / is invariant under positive standard scaling and 
symmetric, it follows that 

(i) For each h > 0, / = c on (h — hS, h + hS). 

(ii) f{x) = f(-x) in G(R). 

Since C/(R) is a sheaf, / = conK \ {0} and we have obtained a scaling invariant 
generalized function g := f — c with supp(g) C {0}. Applying Proposition 14.221 
yields g = 0, that is, / is a constant and we are done with the first case. 
Case 2 

If /|fi G G{Q) is non-constant on every standard neighborhood SI = (1 — 5, 1 + S) 
(S > 0) of 1, then we have for any representative (/ e ) e of /: 

(Mn -/*(!)) tmO). 

Thus there exists a representative (/ e ) e of / along with a zero sequence (£k)k, a 
sequence (ak)k & [h> |] N an d an N such that for all sufficiently large k we have 

(4-18) \feM-f eh (l)\>$. 

We now follow the basic idea of H. Vernaeve in (theorem 7 in [48 ). Let gk{x) := 
fe k (x) — /e fe (l) for each k > 1. Wc define 

A k := {x G R : |a fc (x)| < -sf }, B fe := f| A m 

m>k 

It is evident that for all k G N <7fc(l) = 0, therefore 1 G B\. Furthermore for each 
x G M* there exists (n e ) e G A/" such that for each e G 7 we have 

/ e (x)=/ e (l)+n e . 

In particular 

9k(x) = f Ek (x) - f ek (l) = n £k . 

As a consequence Vx G M* 3 fcoV k > k : x G Ak ■ This clearly implies that for each 
there exists a k > 1 such that x G Bk, therefore we obtain 

oo 

(4.19) R* C (Q B fc ) C R. 

fe=i 

In a similar way as A^, Bk we introduce the sets: 

C k := {x G R : \gk(xa k ) - g k {a k )\ < }, ffc := C m . 

ra>h 
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Again for each x G R*, x G D k for some k, since by the assumption of scaling 
invariance there exists an (n e (y)) £ G 7V(R) such that 

g k (xa k ) - g k {a k ) =f Bk (xa k ) - / Efe (l) - f Ek (a k ) + / £fc (l) 

=fe k (xa k ) - f ek (a k ) 

=n ek {a k ). 

Therefore we have 

oc 

(4.20) M*C((jD fe )CR. 

fc=i 

B k and D k are increasing sequences of Lebesgue measurable subsets of R. Let \x be 
the Lebesgue measure on R and let B r (x) denote the open ball with radius r and 
center x. For each p > we have due to (|4.19p and (|4.20p 

(4.21) n(B p {0)\B k ) 0, fx(B p {0)\D k ) 0, (fc oo). 

Moreover by construction C ^4 fc and C Cfe, therefore for each p > we also 
have 

(4.22) M(-Bp(0)\i4fc) - 0, »(B p (0)\C k ) - 0, (fc ^ oo). 
Finally we define 

£ fe := \g k (x) - ffk(a fc )| < -e^ } = a k C k . 

By the above we obtain for each p > 

p(B p (0)\E k ) =p(B p (0)\a k C k ) 

=\a k \^(B,(0)\C k ) 

(4.23) <^(B 2p (0)\C k ) -> 0, 

whenever fc — > oo, since | < |ofc| < § and due to (|4.22|) . A consequence of (|4.22[) 
and (|4.23[) is the following: 

p(B p (0)\(A k n E k )) < p(B p (0)\A k ) + p(B p (0)\E k ) -> 0, 

that is, for sufficiently large fc the intersection of A k and E k is not empty, i. e., 

3k :Vk>k 3y k eA k r\E k . 

Hence |g fc (y fc )| < jpv and - g fc (a fc )| < ±ef for all fc > k Q . The triangle 

inequality yields for each k > ko 

\g k (a k )\ = \f Ek (a k )-f Ek (l)\<^. 

This contradicts line (|4.18[) and we are done. 

Alternative proof. 

First we consider the problem for / G <7(R + ) i. e., 

VA > : /(Ax) = f(x) in G(R + ). 
This is equivalent to the problem 

VheR:g(x + ti)=g(x) in £(R), 
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where g := / o exp. Therefore, by ( [40] . Theorem 6) it follows that g =const. 
We are going to show that / is constant on R + as well. To this end, note that 
the logarithm on R+ is a well defined mapping since it stems from evaluation of 
log € t/(R + ). Assume that / is non-constant on the positive real numbers, that is, 
there exist G R+ such that ^ f{yt)- This is equivalent to the fact 

that / o exp(x c ) 7^/0 exp(y c ), where x c := log 2;+, y c := logy,^, a contradiction. 
By the symmetry of / we have / = c = const on R \ {0}. Now we proceed as in 
Case 1 of the first variant of the proof and we are done. □ 

4.3.4. Scaling invariance in space. In the preceding section we established 
that any generalized function on the real line, which is invariant under positive 
standard scaling, is a constant. An important information we used was that without 
loss of generality we may assume that / is symmetric. This helped us to overcome 
the obstacle that R\{0} is not connected, and we were able to reduce the problem to 
scaling invariance of generalized functions supported at the origin. The analogous 
question in higher space dimensions may be reduced to the one dimensional case. 
In the following, d is an arbitrary positive integer. 

Theorem 4.24. Any generalized function f in M. d which is invariant under 
standard scaling is constant. 

Proof. Let / e G(R d ) be invariant under positive (standard) scaling, that is, 
VA G R, A > we have: 

f(Xx) = f{x). 

Fix a net (a £ ) e such that a e 6 L CC R d for all £ > 0. Then the net (g E ) e := 
(f E (a E t)) E defines a generalized function g := [(g B )s] € £(R). Now the scaling 
invariance for a fixed A 

ViCCR d V&eR:sup|/ e (Aa-)-/ e (a;)| = 0(e b ), as e -> 

implies the scaling invariance for the same A of g 

VA" CC RV6 G R : sup |/ e (Ao e t) - f e (a s t)\ = 0(e b ), as e -> 0. 
teK 

So the one-dimensional statement (Theorem I4.23|) implies that g is a generalized 
constant, that is, 

VA" CC RV6 G R : sup |/ e (o e i) - / e (0)| = 0(e b ), as e -> 0. 

By setting t = 1 and a := (a £ ) £ + J\f(M. d ) we therefore have /(a) = /(0) in 
R. Since the net [a e ) e was arbitrary it follows from Theorem 11.41 that / = /(0) in 
t/(R d ) and we are done. 

□ 
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